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Abstract. A new classification in terms of the number of
independent twin elements is introduced and exploited to
analyze the symmetry of multiple twins. The dichromatic
point group description of twins is revised showing that,
contrary to what stated in the previous literature, all the 58
dichromatic point groups represent the possible symmetry
of some twins. This approach is extended in terms of
polychromatic point groups and applied to some examples
from the recent literature.

Introduction

J. D. H. Donnay introduced the term geminography to label
the branch of crystallography which deals with twinning
(Nespolo and Ferraris, 2003). In this way, he wanted to
emphasize that twinned crystals are themselves a specific
object of investigation, which needs a specific background
knowledge. Nowadays, instead, twins are rather consid-
ered an obstacle to the routine structural work, and their
description is often imprecise or unorthodox (see the ex-
amples given in Nespolo and Ferraris, 2004).

As a whole, a twin does not possess a homogeneous
crystal structure: it is in fact a heterogeneous edifice built
by two or more homogeneous crystals of the same crystal-
lographic and chemical species (the “individuals”) in dif-
ferent, non-equivalent orientations, related by point group
operation(s) [the twin operation(s)] (Friedel, 1904). The
symmetry of a twin is characterized by three components:
1. the symmetry of the individual, as expressed by its vec-
tor point group; 2. the symmetry of the lattice of the indi-
vidual, LI; 3. the symmetry of the twin lattice, LT. The
twin lattice LT consists of those nodes of LI which overlap
(exactly or approximately) in the orientations of the twin
individuals. Two parameters characterize LT with respect
to LI: the twin index nT [inverse of the fraction of nodes
of LI restored by the twin operation(s)], and the twin ob-
liquity w (the angle measuring the divergence of corre-
sponding lattice rows or planes in LT and in LI). Accord-

ingly, twinning is classified in the following categories
(Donnay and Donnay, 1974; Nespolo and Ferraris, 2000,
2004):

1. TLS (Twin Lattice Symmetry), w ¼ 0;
1.1. twinning by syngonic merohedry, nT ¼ 1: LT coin-

cides with LI, the point group of the individual is
merohedral, the twin operation is a symmetry op-
eration for the lattice but not for the individual;

1.2. twinning by metric merohedry, nT ¼ 1: LT coincides
again with LI, but it has a specialized metric whose
point symmetry is higher than the holohedry of the
crystal, and the twin operation belongs to this high-
er lattice metric symmetry;

1.3. twinning by reticular polyholohedry, nT > 1: LT is a
sublattice of LI (lower translational symmetry) with
the same point symmetry, and the twin operation
belongs to the symmetry of LT but not to the sym-
metry of LI;

1.4. twinning by reticular merohedry, nT > 1: LT is a
sublattice of LI (lower translational symmetry) with
different point symmetry, and the twin operation
belongs to the symmetry of LT but not to the sym-
metry of LI.

2. TLQS (Twin Lattice Quasi Symmetry), w > 0;
2.1. twinning by pseudo-merohedry, nT ¼ 1: for w ¼ 0

it reduces to twinning by syngonic merohedry;
2.2. twinning by reticular pseudo-polyholohedry, nT > 1:

for w ¼ 0 it reduces to twinning by reticular poly-
holohedry;

2.3. twinning by reticular pseudo-merohedry, nT > 1: for
w ¼ 0 it reduces to twinning by reticular mero-
hedry; for nT ¼ 1 and w ¼ 0 it reduces instead to
twinning by metric merohedry.

Twin point groups

The concept of “twin point groups” or “symmetry groups
of twins” has already been used in the past by some
authors, who however often introduced unjustified limita-
tions, taking for a rule what was just a relative frequency
of occurrence. For example, the existence of twin axes of
order higher than 2 was repeatedly denied (e.g. Hartmann,
1956), although already Friedel (1904, 1926) had shown
examples of their occurrences.
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Takano (1972, 1973) introduced a classification of twin
point groups that expresses the morphological symmetry of
the geometrical polyhedron corresponding to the twinned
edifice, i.e. as if the individuals had always symmetry 1.

Curien and Le Corre (1958) applied Shubnikov’s di-
chromatic groups (Le Corre, 1958) to the symmetry analy-
sis of twins, but they assumed that the twin point group
had to belong to the same crystal family of the indivi-
duals’ point group. While this frequently is the case, the
limitation in itself is unjustified and contradicted by sev-
eral examples.

In the following, we present a general symmetry treat-
ment of twins in terms of polychromatic point groups. For
that purpose, we need first of all to introduce a few defini-
tions.

Multiplicity and degree of a twin

Twin operation is a symmetry operation for the twinned
edifice but not for the individuals: it relates different in-
dividuals in the twin. Twin law is the set of all twin opera-
tions that transform two twinned individuals into each
other. Twin element is the geometric elements about which
the twin operation is performed (Hahn and Klapper, 2003).
A mirror or a centre is either a symmetry element or a twin
element. An axis [uvw] can act both as twin element and as
(non-trivial) symmetry element if the operation performed
about it is of order four or six, the two-fold or the three-
fold components representing the symmetry operations.

We call twin multiplicity the number of individuals in a
twin; and twin degree the number of independent twin
elements: first-degree twins and higher-degree twins are
twins in which only one or more than one independent
twin elements exist, respectively. Higher-degree twins have
been called “twins of twins” by Henke (2003).

Let OT
j be the order of the j-th twin element, and OS

j

the order of the same element as symmetry element for the
individual: OT

j � OS
j depending on whether a component

of the same element acts as symmetry element for the indi-
vidual or not. If m is the twin multiplicity, and d is the
twin degree, twins can be classified in the following types:

1 twofold twins: only twin elements of order 2 exist.
These are subdivided in:
1.1 first-degree twofold twins (binary twins): d ¼ 1,

OT
1/OS

1 ¼ 2, m ¼ 2.
1.2 higher-degree twofold twins: d > 1, OT

j /OS
j ¼

2 8 j, m ¼ 2d.
2 manifold twins: at least one twin element has order

higher than 2. They are subdivided in:
2.1 first-degree manifold twins: the (only) twin

element has order higher than 2 (d ¼ 1,
m ¼ OT

1/OS
1 > 2)

2.2 higher-degree manifold twins: at least one
twin element has order higher than 2 (d > 1,
OT

j/OS
j > 2, m > 2)

The twin multiplicity obeys the following relation:

m � m0 ¼
Yd
i¼1

OT
j

OS
j

ð1Þ

For twofold twins, m ¼ m0 always holds: in fact, a twofold
(independent) twin element necessarily doubles the num-
ber of individuals. However, for manifold twins m < m0

may hold, when the number of individuals related by one
or more twin elements is lower than the order of that twin
element. As we will see, when m < m0, one or more twin
operations no longer correspond to a symmetry operation,
but rather to a partial operation, as defined by Sadanaga
et al. (1980).

The polychromatic group notation for twins

Curien and Le Corre (1958) have applied the dichromatic
point group notation developed by Shubnikov to the de-
scription of the twin laws. Their treatment is however af-
fected by some limitations. First of all, as noted by Shafra-
novkii and Pis’mennyi (1961) and stated also by Hahn
and Klapper (2003), the dichromatic notation can describe
only twofold twins, whereas manifold twins require a
polychromatic description.

The second limitation in Curien and Le Corre (1958)
comes from the fact that those authors assumed that the
symmetry of the individual and that of the twin must be-
long to the same crystal family. Under this hypothesis the
order ratio between the twin point group and its maximal
subgroup (the individual monochromatic point group) is
always two: this permits a description in terms of dichro-
matic groups. However, only 26 of the 32 crystallographic
point groups are taken into account: the 25 merohedries
and the rhombohedral holohedry (hemihedry of the hexa-
gonal holohedry). For each of these 26 monochromatic
point groups Curien and Le Corre (1958) derived the pos-
sible dichromatic point groups by taking the minimal
supergroups in the same crystal family, obtaining 43 of
the 58 dichromatic point groups. The remaining 15 were
considered impossible as twin point groups, because they
belong to a crystal family different from that of the mono-
chromatic group (see Table III therein).

The limitation imposed on the crystal family is not jus-
tified and has lead to exclude not only twinning by metric
merohedry, but also most cases of twinning by reticular
merohedry. In the latter case, the orientation of the cell of
LT with respect to that of LI is fixed only for the hP
supercell of cubic and rhombohedral crystals [cf. Table II
in Curien and Le Corre (1958)]. In all others cases, the
orientation depends on the axial ratio (uniaxial crystals)
and on the interaxial angle (biaxial crystals).

Moreover, the term complete twin, introduced by Cur-
ien and Donnay (1959) to indicate a twinned “edifice that
comprises, in addition to an original crystal, as many
twinned crystals as there are possible twin laws”, becomes
practically undefined once the limitation on the crystal fa-
mily is removed. In fact, the only upper limits to “possible
twin laws” are those imposed by the cubic and hexagonal
holohedries. We give below a revised definition of “com-
plete twin”.

Let K (p) be the polychromatic twin point group (p
being the chromaticity, namely the number of individuals
related by the twin operations), and H be the monochro-
matic (geometric or eigensymmetry) point group of the
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individual. If K (p) represents a first-degree twin, then K (p)

and H are in relation of minimal supergroup/maximal sub-
group. If K (p) represents instead a higher-degree twin, we
can break down K (p) in a series of n maximal subgroups,
K (p) � K ðp1Þ

1 � K ðp2Þ
2 � � � � H . Therefore, the twin point

groups can be obtained by considering the pairs of crystal-
lographic point groups in relation of minimal supergroup,
for which the order ratio is 2, 3 or 4 (see Fig. 10.1.3.2 in
Hahn and Klapper, 2002).

Classification of polychromatic point groups
and application to first-degree twins

The detailed derivation of polychromatic groups can be
found in Shubnikov and Koptsik (1974); Vainsthein
(1996) gave a brief summary; Wittke and Garrido (1959)
and Van der Warden and Burckhardt, (1961) derived the
noninvariant extensions of monochromatic point groups.
Here we briefly summarize the results needed for the ana-
lysis of the symmetry of twins.

The number k of chromaticities pk compatible with the
crystallographic symmetry is 10 and corresponds to the
orders of the crystallographic point groups: pk ¼ 1, 2, 3, 4,
6, 8, 12, 16, 24, 48. p1 ¼ 1 corresponds to the trivial case
of monochromatic symmetry.

The direct product (H, 1(p)) of the monochromatic point
group H with the colour identification group 1(p), consist-
ing of all possible permutations of p colours, produces
320 neutral point groups (i.e. point groups in which each
geometric operation is associated with all the p colours).
Of these, 32 are the monochromatic point groups (H, 1(1)),
32 are grey point groups (H, 1(2)) and 256 are neutral
polychromatic point groups (H, 1(p > 2)).

True (non-neutral) polychromatic point groups K (p) iso-
morphic with the crystallographic monochromatic point
groups H are obtained as extensions of the subgroups of
H of order p. Invariant extension gives 51 dichromatic
point groups (“black and white” groups, Shubnikov groups,
K (2)), and 81 polychromatic point groups (Koptisk groups,
K (p > 2))1.

Other 73 true polychromatic point groups are obtained
as noninvariant extensions and are termed Van der Waer-
den-Burckhardt groups, K WB

(p > 2) (the Wittke-Garrido
groups, K WG

(p > 2), are isomorphous to them).
K (p ) and K WB

(p) differ in the fact that all the elements
in K (p) are either achromatic (do not modify any colour)
or totally chromatic (modify all the colours), whereas in
K WB

(p > 2) some of the elements are partially chromatic:
they preserve some of the colours on which they act, and
exchange the others.

Summing up, there are 212 crystallographic truly poly-
chromatic point groups (in three dimensions): of these, 58
are dichromatic (K (2)), 81 are polychromatic invariant
extensions of H (K (p > 2)), and 73 polychromatic non-
invariant extensions of H (K WB

(p > 2)). We will see that

these three types are needed to described the symmetry of
twins. But first of all, the symbolism for the poly-
chromatic groups has to be reviewed briefly. In the follow-
ing subsections, symbols for first-degree twins are de-
scribed. The groups describing higher-degree twins are
given later.

Dichromatic extension of crystallographic point groups
(Shubnikov groups)

These twin point groups, K (2), are minimal supergroups of
order two of the monochromatic groups H. H are thus
normal (invariant) subgroups of K (2) (K (2) " H ). Only
binary (first-degree twofold) twins can be described by
K (2) groups. If the original individual is considered
“white”, the one generated by a twin operation is consid-
ered “black” and the twin operation is marked with a
prime (0). The symmetry of a binary twin point group cor-
responds thus to one of the 58 dichromatic point groups,
where the symmetry elements are unprimed and the twin
elements are primed. This is the symmetry of the vector
set of face normals of the twin, exactly as the monochro-
matic point group expresses the symmetry of the vector
set of face normals of the individual. For example, 42020

indicates a twin by syngonic merohedry where the crystal
point symmetry is 4 and the twin elements are the twofold
axes along h100i and h110i, which, being not indepen-
dent, receive a prime each. 42020 is in fact obtained as
semidirect product of 4 and 20 ? 4.

When a twin axis is parallel to a symmetry axis
(OT

j > OS
j > 1), the prime indicates the twin component.

For example, 40 indicates an axis of order 4 about which
the operations of odd order are twin operations, and those
of even order are symmetry operation for the individual:
40 � 2. The group 40 is obtained as semidirect product of
{1, 2} and of the coset consisting of the identity and the
operation 40, which forms a group by modulus 40 (mod2):
this type of product is called quasi-direct product and
written 2 � 40 (mod2) (Shubnikov and Koptsik, 1974).

In the case of n/m (n even), the symmetry element and
the twin element do not coalesce in a single symbol, giv-
ing instead n/m0 or n0/m (the twin centre does not need to
be explicitly denoted by �110, because it is implied in the
twin symbol).

All the 58 dichromatic point groups are possible twin
point groups: the 15 groups which were considered not
representative of possible twins by Curien and Le Corre
(1958) correspond to minimal supergroups of order 2 be-
longing to different crystal families (Table 1). For exam-
ple, the new mineral kristiansenite reported by Ferraris
et al. (2001) is twinned by metric merohedry according to
m0, which is one of the 15 twin dichromatic point groups
considered “impossible” by Curien and Le Corre (1958).
The monochromatic point group of the individual is
H ¼ 1.

Polychromatic invariant extension
of crystallographic point groups (Koptsik groups)

In case of metric merohedry and of reticular merohedry,
the twin point group and the individual group belong to
different crystal families. As a consequence, the chromati-
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1 Chapter 10 of Shubnikov and Koptsik (1974), where this deri-
vation is presented, was entirely written by Koptsik (see the Resumé
therein). For brevity, we call K (p > 2) groups Koptsik groups, to dif-
ferentiate them from the dichromatic groups K (2) which are univer-
sally known as Shubnikov groups.



city p for first-degree twins, which coincides with the or-
der ratio of minimal supergroups (maximal subgroups), in-
creases up to four. Among the 81 Kopstik K (p > 2) groups,
7 trichromatic K (3) groups correspond to the symmetry of
possible first-degree twins (Table 1) whose monochromatic
groups H (normal maximal subgroups) belong to a differ-
ent crystal family.

The symbol of a Koptsik group is based on the full
Hermann-Mauguin symbol; to each chromatic element
(twin element) a chromatic index pi is attached (pi ¼ 2 in
Shubnikov groups is replaced by the prime 0); finally, with
the trivial exception of monosymbolic groups, the whole
symbol is included in parenthesis and a chromatic index p
for the whole group is given. This corresponds to the ratio
of the orders of K (p) and H, and for first-degree twins
coincides with the chromatic index of the twin element
(p ¼ p1).

Examples. Let us consider a crystal whose point group is
2, but having a hexagonal lattice or sublattice with 6 == 2.
The six-fold axis is at the same time twin axis and sym-
metry axis: about it four twin operations (61, 63, 64 and
65) and two symmetry operations (63 ¼ 2 and 66 ¼ 1) are
performed. The polychromatic symbol is 6(3). 6 is the geo-
metric symmetry operation for LT, which is trichromatic: it
exchanges three colours, i.e. it relates three individuals.
The two-fold component is the monochromatic symmetry
operation of the individual, unchanged.

An orthorhombic crystal with symmetry 222 but with a
cubic lattice or sublattice may undergo twinning by metric
merohedry or by reticular merohedry, the twin element
being the threefold axis along h111i. The resulting sym-
metry of the twin is (23(3))(3), which is the semidirect pro-
duct of 222 and 3(3).

Polychromatic noninvariant extension
of crystallographic point groups
(Van der Waerden-Burckhardt groups)

The Koptsik groups K (p) are obtained as invariant ex-
tensions of the monochromatic point groups H . The 73
K WB

(p) polychromatic point groups are instead nonin-
variant extensions of H . In other words, H are maximal
normal subgroups with respect to K (p) and maximal
conjugate subgroups with respect to K WB

(p): K (p) " H,
K WB

(p) "= H . Among K WB
(p), 14 groups of chromaticity

p ¼ 3 and 4 correspond to first-degree twins (Table 1).
A distinguishing feature of the K WB

(p) groups is the
presence of elements nðp1; p2Þ of partial chromaticity: p1 is
the chromaticity of the element (same as seen for the
Koptsik groups), whereas p2 is the number of colours un-
changed by the operations performed about that element.
For example, an individual with monochromatic point
group H ¼ 2 undergoing twinning by metric or reticular
merohedry where the twin element is an axis of order 3
normal to the twofold axis of the individual, results in a
three-individual twin with trichromatic point group
K WB

(3) ¼ (3(3)2(2,1))(3). The chromaticity of the groups is 3
(three individuals in the twin; three is also the ratio of the
order of point groups 32 and 2) and coincides with the
chromaticity of the three-fold axis, which permutes the
three individuals: 1 ! 2, 2 ! 3, 3 ! 1, without leaving

fixed any of them. But the twofold symmetry axis of the
individual becomes partially chromatic: the twofold ration
about it is a symmetry operations for the individual to
which the axis belongs, and at the same time it exchanges
the two other individuals: 2(2,1).

The symbols of the K WB
(p) groups were introduced

by Shubnikov and Koptsik (1974) and include three parts,
K | H1 | H2, where K is the polychromatic group, H1 is
the noninvariant subgroup, and H2 is the invariant sub-
group obtained as intersection of conjugate subgroups, all
expressed in the axial setting of K. Harker (1976) gave a
complete list of the 212 crystallographic polychromatic
point groups, as well as the icosahedral polychromatic
point groups, with a simplified and unified notation em-
ploying shortened (instead of full) Hermann-Mauguin
symbols, without indication of the chromaticity, and using
the axial setting proper to each of the K, H1, and H2

groups.
As symbols of twin groups we can use simply the

K WB
(p) portion of the symbol, provided that the full infor-

mation about the chromaticity of the group and of the ele-
ments is retained. The derivation of H from a given
K WB

(p) is exemplified after the introduction of the groups
for higher-degree twins.

Twinning by syngonic merohedry

Because LT � LI, the twin point groups are obtained from
the monochromatic point groups H by taking the minimal
supergroups of the same crystal family. These are minimal
supergroups of order 2 and the corresponding twin point
groups are thus dichromatic groups, K (2). Column 2 in
Table 1 gives the results, which are the same already ob-
tained by Curien and Le Corre (1958). For the trigonal
groups, however, the necessary distinction on the basis of
the hR or hP lattice has been introduced.

Twinning by metric merohedry and
by reticular merohedry

No limitation on the symmetry of a sublattice can be im-
posed a priori, and the 15 dichromatic point groups con-
sidered impossible as twin point groups by Curien and Le
Corre (1958) actually do represent possible twins (column
3 in Table 1). In this case, the dichromatic symbol may be
less immediate to read, because one has to take into ac-
count the difference in the equivalent directions in the two
crystal families. For example, an individual with mono-
chromatic point group mm2 may undergo twinning by re-
ticular merohedry or by metric merohedry with dichro-
matic point group �440m20. Here, the twofold axis of mm2
becomes parallel to the �44 axis of the twin, the two mirrors
(100) and (010) become equivalent, and two twofold
equivalent twin axes 20 appear along h110i, which are not
independent twin elements and thus receive the same num-
ber of primes (namely one) as �440.

For metric merohedry, because LT � LI, the list of twin
point groups is exhaustive. For reticular merohedry, in-
stead, with the exception of the cubic groups discussed
below, the list is necessarily limited to the twins in which
all the symmetry elements of the monochromatic point
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group are retained in the twin point group. Other possible
cases are those in which only a part of those elements is
retained: they include, for example, twins with inclined
axes. The twin point group K is a supergroup no longer
of H but of the intersection group of the individuals:
K � H* ¼ \H i (Hahn and Klapper, 2003). LT is obtained
as a function of the metrics of LI by applying the Coinci-
dence-Site Lattice (CSL) theory (see, e.g., Grimmer, 2003).

Twinning by reticular merohedry of cubic crystals

Cubic groups do not have minimal supergroups belonging
to a different family. Twinning by reticular merohedry is
thus restricted to the case in which only a part of the
symmetry elements of the monochromatic point group are
retained in the twin point group. Whereas in non-isotropic
crystals an exhaustive list cannot be given because the
symmetry and orientation of LT with respect to LI depends
on the metrics of the lattices, in cubic crystals there is no
degree of freedom in the metric and thus such an exhaus-
tive list can be given.

As it was pointed out by Curien and Le Corre (1958),
(binary) twins by reticular merohedry are obtained via the
trigonal subgroups of H . Let J be the trigonal maximal
subgroup of H, where H is cubic (J is conjugate subgroup
of order 4 of H). Let K (2)

H,i be the i-th cubic minimal
supergroup of H and K (2)

J, i the i-th trigonal or hexagonal
minimal supergroups of J: K (2)

H,i " H, K (2)
J, i " J. Twins

by reticular merohedry of cubic crystals correspond to
those K (2)

J, i groups which are not subgroups of K (2)
H, i.

For example, the trigonal component of the monochro-
matic point group H ¼ 23 is J ¼ 3. Of the eight minimal
supergroups of J, K (2)

J, i ¼ 203 is isomorphous with the ori-
ginal monochromatic group H and does not represent a
twin; K (2)

J, i ¼ �330, 3201 and 3m01 are normal subgroups of
K (2)

H, i ¼ 2/m0�330, 40320 and �4403m0 respectively, the latter re-
presenting twins by syngonic merohedry; only the four
groups K (2)

J, i ¼ 3120, 31m0, 60 and �660 finally correspond to
twinning by reticular merohedry.

Twinning by reticular polyholohedry

In case of reticular polyholohedry, LT and LI have the
same point symmetry, but non-equivalent orientations. H
and K both correspond to the same holohedral point
group, but the different orientation of LT and LI transforms
some of the symmetry elements of H in twin elements.
Like in the case of twins by reticular merohedry of cubic
crystals, the passage from H to K requires an intermediate
step through a subgroup J of H . This time however the
relation is more straightforward: J contains the symmetry
elements which are parallel in LI and LT, and in K the
chromatic elements are those belonging to H but not to J.

For example, a tetragonal crystal may undergo twin-
ning by reticular polyholohedry when the planes {120},
which are not symmetry planes for LI, act as twin ele-
ments. The relative orientation of LT and LI is defined by
cLT == cLI and h100iLT == h120iLI (twin index 5). Evidently,
H ¼ 4/mmm, J ¼ 4/m, K (2) ¼ 4/mm0m0. Here J is the inter-
section symmetry of the two individuals differently or-
iented.

Symbols for higher-degree twins

As shown in Table 1, all the 58 Shubnikov groups, 7 (all
trichromatic) of the 81 Koptsik groups, and 15 (10 trichro-
matic and 5 quadricromatic) of the 73 Van der Waerden-
Burckhardt groups represent the symmetry of first-degree
twins. The remaining 132 polychromatic groups (74 K (p)

and 58 K WB
(p)) represent higher-degree twins. Of these,

only the twofold twins can be described by a composed
dichromatic group as introduced by Curien and Donnay
(1959): however, the polychromatic notation is more ex-
plicit and makes easier to identify the symmetry of the
individuals and the twin elements. For example, the four-
individual merohedric2 twin of a tetartohedral cubic crystal

has composed dichromatic symbol
40

m0 � ½�44000�½� 2�3 200

m000
�110,

whereas the polychromatic symbol is simply

4ð2Þ

mð2Þ
�33ð2Þ 2ð2Þ

mð2Þ

� �ð4Þ

. For manifold twins, the composed di-

chromatic notation is not suitable and the polychromatic
notation has no alternatives.

In Tables 2 and 3 the symbols of the K (p) and K WB
(p)

groups are given, together with the H groups of which
they are supergroups. A sequence of twin elements is also
given, which follows, whenever possible, the sequence of
generators of the corresponding symmorphic space-group
types in the International Tables for Crystallography, vol-
ume A: intermediate polychromatic groups K (p)

i and
K WB

(p)
i are easily obtained by taking the direct, semi-di-

rect of quasi-direct product of K (p)
i	k and K WB

(p)
i	k with

the group {1, tk}, where tk is the operation corresponding
to the k-th twin element.

The meaning of the K (p) symbols in terms of higher-
degree twin point groups is practically self-explanatory
(Table 2), whereas that of K WB

(p) is slightly more complex
(Table 3) and requires thus a brief explanation.

For both K (p) and K WB
(p), the chromaticity p of the

group represents the number of individuals, and corre-
sponds to the ratio of the orders of the twin point group,
K (p) or K WB

(p), and of the monochromatic group of the
individual, H . The chromaticity pi of each element gives
the number of individuals related (“exchanged”) by that
element. Evidently, pi is a divisor of the order of the geo-
metric element. However, in K WB

(p) some of the symmetry
elements of the individual acquire a partial chromaticity:
these elements do not modify the individual to which they
belong. Therefore, the elements of a twin point group
have to be interpreted as follows (for further details, see
Shubnikov and Koptsik, 1974):

1 achromatic elements (without a chromatic index pi):
symmetry elements for the individual which do not
act as twin elements;
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2 The term “merohedral twin”, often appearing in the literature, is
misleading. “Merohedral”, in contrast to “holohedral”, is an adjective
identifying a crystal whose point group is a subgroup of the point
group of its lattice (Friedel, 1926). A merohedral crystal may undergo
twinning by merohedry, in which the twin operation belongs to the
lattice of the individual; the corresponding adjective is “merohedric”
(Nespolo and Ferraris, 2003).
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Table 1. Polychromatic point groups for first-degree twins. In dichromatic groups, the chromatic elements are shown with a prime. In polychro-
matic groups, the chromaticity of each element and of the groups is shown as superscript in parenthesis. Van der Waerden-Burckhardt groups
include elements partially chromatic, which act on a subset of individuals.

H K (p)

Twinning by syngonic merohedry:
Shubnikov groups K (2)

Twinning by metric merohedry or by reticular merohedry

Shubnikov groups
K (2)

Koptsik groups
K (p > 2)

Van der Waerden-Burckhardt groups
K WB

(p > 2)

1 �110 m0, 20, 3(3) ––

�11 –– 20/m0 �33(3) ––

2 2/m0 m0m02, 20202, 40, �440 6(3) (3(3)2(2,1))(3)

m 20/m m0m20 �66(3) (3(3)m(2,1))(3)

2/m –– 20/m02/m20/m0, 40/m
6ð3Þ

m

� �ð3Þ
�33ð3Þ

2ð2;1Þ

mð2;1Þ

� �ð3Þ

222 2/m02/m02/m0 40220, �4402m0, (23(3))(3) (6(3)2(2,1)2(2,1))(3)

mm2 20/m20/m2/m0 40mm0, �440m20, �660m20, 60mm0 –– (6(3)m(2,1)m(2,1))(3), (�66(3)m(2,1)2(2,1))(3)

2/m2/m2/m –– 40/m2/m20/m0 2

m
3ð3Þ

� �ð3Þ 6ð3Þ

m

2ð2;1Þ

mð2;1Þ
2ð2;1Þ

mð2;1Þ

� �ð3Þ

4 4m0m0, 4/m0, 42020 –– –– ––

�44 4/m0, �4420m0 –– –– ––

4/m 4/m20/m020/m0 –– –– ––

4mm 4/m020/m20/m –– –– ––

�442m 4/m02/m020/m –– ––
(�44(2,1)3(3)m(2,1))(3)

�44m2 4/m020/m2/m0 –– ––

422 4/m02/m02/m0 –– –– (4(2,1)3(3)2(2,1)) (3)

4/m2/m2/m –– –– ––
4ð2;1Þ

m
�33ð3Þ

2ð2;1Þ

mð2;1Þ

� �ð3Þ

3 �330, 31m0, 3m01, 3120, 3201 60, �660 (LI ¼ hP) 60, �660 (LI ¼ hR) –– (2(2)3(3,1))(4)

�33 �3320/m01, �33120/m0, 60/m0 (LI ¼ hP) 60/m0 (LI ¼ hR) ––
2ð2Þ

mð2Þ
�33ð3;1Þ

� �ð4Þ

3m1 �330120/m, 60mm0, �660m20 –– ––

(�44(4)3(3,1)m(2,2))(4)31m �33020/m1, 60m0m, �66020m –– ––

3m �33020/m 60mm0, �660m20 ––

321 �3302/m01, 60220, �6602m0 –– ––

(4(4)3(3,1)2(2,2))(4)312 �33012/m0, 60202, �660m02 –– ––

32 �3302/m 60220, �6602m0 ––

�332/m1 60/m02/m20/m0 –– ––
4ð4Þ

mð2Þ
�33ð3;1Þ 2ð2;2Þ

mð2;2Þ

� �ð4Þ
�3312/m 60/m020/m02/m –– ––

�332/m –– 60/m020/m02/m ––

6 6/m0, 6m0m0, 62020 –– –– ––

�66 60/m, �6620m0, �66m020 –– –– ––

6/m 6/m20/m020/m0 –– –– ––

6mm 6/m020/m20/m –– –– ––



2 totally chromatic elements (with one chromatic in-
dex pi): twin elements which do not leave fixed any
of the individuals, but exchange all the p individuals
in groups of pi; the prime in Shubnikov groups is
equivalent to pi ¼ 2;

3 partially chromatic elements: twin elements with
two chromatic indices, p1, p2, which exchange a sub-
set of the individuals, leaving unchanged the others.
They are subdivided in two types:
3.1 p2 6¼ 0, p1 þ p2 � p: symmetry elements for

the individual, which leave fixed p2 individuals
and exchange the other p 	 p2 individuals in
groups of p1;

3.2 p2 ¼ 0, 3 < p1 < p: in cubic twin point groups,
symmetry elements for the individual parallel to
a twin element. p1 coincides with the geometric
order of the twin element and is twice the order
of the symmetry element (4(4,0) for 4 == 2; �33(6,0)

for �33 == 3). Odd powers of the twin operation
exchange all the p individuals, leaving fixed
p2 ¼ 0 individuals; even powers of the twin
operation correspond to a symmetry operations
for the individual, and thus do not act on it:
they however act on mp1 individuals but leave
fixed the other p 	 m � p1 individuals, where
m ¼ int (p/p1), “int” standing for “integer”.

By applying these criteria, the symmetry of the twin
and of the individual are easily derived, as shown in the
following examples. The complete list is given in Table 3.

Example 1. (6(6)m(2,2)m(2))(6)

The global chromaticity is p ¼ 6, thus this group repre-
sents a twin of six individuals. To identify the symmetry
of the individual we have to look for achromatic or par-
tially chromatic elements. In this case, no achromatic ele-
ment exists, while there is one partially chromatic ele-

ment, m(2,2). The monochromatic point group is thus
H ¼ m, which is related to (6(6)m(2,2)m(2))(6) by two inde-
pendent elements, 3 == m and 2 == 3 (see Table 3): this is
thus a manifold second-degree twin. The first twin ele-
ment forms an intermediate first-degree three-chromatic
group, whose symbol is (3(3)m(2,1))(3) (cfr. Table 1); the sec-
ond twin element transforms 3(3) in 6(6) giving the final
symbol (6(6)m(2,2)m(2))(6).

The action of the twin elements is shown in Fig. 1,
where the m symmetry of the original individual A is in-
dicated by a segment perpendicular to the mirror. The 6(6)

axis permutes all the six individuals and is thus totally
chromatic. The (01.0) plane becomes partially chromatic,
and is thus shown dotted: it leaves fixed the p2 ¼ 2 indivi-
duals A and D, and exchanges p 	 p2 ¼ 4 individuals in
groups of p1 ¼ 2: B with F, and C with E. The same par-
tial chromatic nature is acquired by the two other planes
generated by the action of 6(6) axis on (01.0): (10.0) and
(11.0). Finally, the three other (non independent) twin
planes are totally chromatic: they exchange all the six in-
dividuals in groups of 2.

Example 2.
2ð2Þ

mð2Þ
�33ð6;0Þ

� �ð8Þ

The global chromaticity is p ¼ 8, thus this group repre-
sents a twin of eight individuals. Here there is only one
partially chromatic element and no achromatic elements:
the symmetry of the individual is thus 3 (the ratio of the
orders of the groups 2/m�33 and 3 is 8, which corresponds
to the chromaticity of the group). The first stage of twin-
ning corresponds to the action of the twofold axes diago-
nal to 3 (parallel to h001i in the cubic setting of the final
group) which equivalent under the action of 3[111] and pro-
duce the intermediate twin point group (23(3))(3). The sec-
ond stage of twinning adds the inversion centre. Odd
powers of the 3 operation exchange all the eight crystals;
even powers correspond to the three-fold rotation, which
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Table 1. (Continued).

H K (p)

Twinning by syngonic merohedry:
Shubnikov groups K (2)

Twinning by metric merohedry or by reticular merohedry

Shubnikov groups
K (2)

Koptsik groups
K (p > 2)

Van der Waerden-Burckhardt groups
K WB

(p > 2)

�662m 60/m2/m020/m –– –– ––

�66m2 60/m20/m2/m0 –– –– ––

622 6/m02/m02/m0 –– –– ––

6/m2/m2/m –– –– –– ––

23 2/m030, �4403m0, 40320 31m0, 3120, 60, �660 –– ––

2/m�33 40/m�3320/m0 �33120/m0, 60/m0 –– ––

�443m 40/m0�33020/m 60mm0, �660m20 –– ––

432 4/m0�3302/m0 60220, �6602m0 –– ––

4/m�332/m –– 60/m02/m20/m0 –– ––
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Table 2. Polychromatic point groups for higher-degree twins. I. K (p) groups. The sequence of twin elements follows – whenever possible – the
sequence of symmorphic space-group type generators, as given in the International Tables for Crystallography, vol. A, 5th Edition (cfr. also
Fig. 10.1.3.2 in Hahn and Klapper, 2002). For non-cubic groups, the relative disposition of symmetry and twin elements are given; for cubic
groups, the absolute directions are instead indicated.

K (p) degree H 1st twin
element

2nd twin
element

3rd twin
element

4th twin
element

5th twin
element

2ð2Þ

mð2Þ

� �ð4Þ

2 1 2 �11 –– –– ––

(2(2)2(2)2(2))(4) 2 1 2 2 ? 2 –– –– ––

(m(2)m(2)2(2))(4) 2 1 2 m == 2 –– –– ––

2ð2Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 �11 2 2 ? 2 –– –– ––

2ð2Þ

mð2Þ
2

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 2 2 ? 2 �11 –– –– ––

2ð2Þ

mð2Þ
2ð2Þ

m

2ð2Þ

mð2Þ

� �ð4Þ

2 m 2 == m �11 –– –– ––

2ð2Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð8Þ

3 1 2 2 ? 2 �11 –– ––

4ð4Þ

mð2Þ

� �ð4Þ

2 �11 2 4 == 2 –– –– ––

4ð4Þ

m

� �ð4Þ

2 m 2 ? m 4 == 2 –– –– ––

4ð2Þ

mð2Þ

� �ð4Þ

2 2 4 == 2 �11 –– –– ––

4ð4Þ

mð2Þ

� �ð8Þ

3 1 2 4 == 2 �11 –– ––

(4(2)2(2)2(2))(4) 2 2 (2 == 4) 2 ? 2 4 == 2 –– –– ––

(4(4)2(2)2(2))(8) 3 1 2 4 == 2 2 ? 4 –– ––

(4(2)m(2)m(2))(4) 2 2 (2 == 4) 4 == 2 m ? 2 –– –– ––

(4(4)m(2)m(2))(8) 3 1 2 4 == 2 m –– ––

(�44(2)2(2)m(2))(4) 2 2 (2 == 4) �44 == 2 2 ? 4 –– –– ––

(�44(4)2(2)m(2))(8) 3 1 2 �44 == 2 2 ? 4 –– ––

4

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 4 2 ? 4 �11 –– –– ––

4ð2Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 �44 2 ? 4 �11 –– –– ––

4ð2Þ

mð2Þ
2

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 222 4 �11 –– –– ––

4ð2Þ

mð2Þ
2ð2Þ

m

2ð2Þ

mð2Þ

� �ð4Þ

2 mm2 4 == 2 �11 –– –– ––

4ð2Þ

m

2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 2/m 2 == m 4 == 2 –– –– ––

4ð4Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð8Þ

3 �11 2 4 == 2 2 ? 4 –– ––

4ð2Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð8Þ

3 2 4 == 2 2 ? 4 �11 –– ––

4ð4Þ

m

2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð8Þ

3 m 2 ? m 2 == m 4 == 2 –– ––

4ð4Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð16Þ

4 1 2 4 == 2 2 ? 4 �11 ––

�33(6) 2 1 3 �11 –– –– ––
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K (p) degree H 1st twin
element

2nd twin
element

3rd twin
element

4th twin
element

5th twin
element

(3(3)2(2))(6) 2 1 3 2 ? 3 –– –– ––

(�33(3)m(2))(6) 2 1 3 m == 3 –– –– ––

(�33(2)m(2))(4) 2 3 2 ? 3 �11 –– –– ––

(�33(3)m(2))(6) 2 �11 3 2 ? 3 –– –– ––

(�33(6)m(2))(12) 3 1 3 2 ? 3 �11 –– ––

6(6) 2 1 3 2 ? 3 –– –– ––

�66(6) 2 1 3 m ? 3 –– –– ––

6ð2Þ

mð2Þ

� �ð4Þ

2 3 2 == 3 �11 –– –– ––

6ð3Þ

mð2Þ

� �ð6Þ

2 2 3 == 2 �11 –– –– ––

6ð6Þ

mð2Þ

� �ð6Þ

2 �11 3 2 == 3 –– –– ––

6ð6Þ

m

� �ð6Þ

2 m 3 ? m 2 == 3 –– –– ––

6ð6Þ

mð2Þ

� �ð12Þ

3 1 3 2 == 3 �11 –– ––

(6(2)2(2)2(2))(4) 2 3 2 == 3 2 ? 3 –– –– ––

(6(3)2(2)2(2))(6) 2 2 3 == 2 2 ? 3 –– –– ––

(6(6)2(2)2(2))(12) 3 1 3 2 == 3 2 ? 6 –– ––

(6(2)m(2)m(2))(4) 2 3 2 == 3 m == 3 –– –– ––

(6(3)m(2)m(2))(6) 2 2 3 == 2 m == 3 –– –– ––

(6(6)m(2)m(2))(12) 3 1 3 2 == 3 m == 3 –– ––

(�66(2)m(2)2(2))(4) 2 3 m == 3 2 ? 3 –– –– ––

(�66(3)m2(2))(6) 2 m1 3 m2 –– –– ––

(�66(6)m(2)2(2))(12) 3 1 3 m1 m2 –– ––

6ð2Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 �33 2 == 3 2 ? 3 –– –– ––

6ð2Þ

mð2Þ
2

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 32 2 == 3 �11 –– –– ––

6ð2Þ

mð2Þ
2ð2Þ

m

2ð2Þ

mð2Þ

� �ð4Þ

2 3m 2 == 3 �11 –– –– ––

6

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 6 2 ? 6 �11 –– –– ––

6ð2Þ

m

2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 �66 2 == 3 2 ? 6 –– –– ––

6ð3Þ

m

2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð6Þ

2 2/m 3 == 2 2 ? 6 –– –– ––

6ð2Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð8Þ

3 3 2 == 3 2 ? 3 �11 –– ––

6ð6Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð12Þ

3 �11 3 2 == 3 2 ? 3 –– ––

6ð3Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð12Þ

3 2 3 == 2 2 ? 3 �11 –– ––

6ð6Þ

m

2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð12Þ

3 m 3 ? m 2 == 3 2 ? 3 –– ––

Table 2. (Continued)



are symmetry operations for the individual: they keep
fixed 8 	 6 ¼ 2 individuals, and exchange the other 6 in-
dividuals. The twofold axes and the mirror are totally
chromatic.

TLQS twinning

For these twins, the polychromatic point group represents
the approximate symmetry of the twin, the degree of ap-
proximation being measured by the obliquity. However, the
twin elements may need a slightly modified notation. Don-
nay and Donnay (1974) have proposed to use a dashed
fraction bar to indicate nearly perpendicularity between
twin axis and twin plane (n/m) instead of the solid fraction
bar expressing perpendicularity (n/m). The same notation
can be extended to polychromatic groups. The twin centre
is no longer implied, even for axes of even order; if pre-
sent, it has to be explicitly given in the symbol.

The symmetry of the incomplete twin:
manifold twin operation as partial operation

Sadanaga et al. (1980) have defined a superstructure as a
structure consisting of substructures (nearly) equal to each
other in configuration, each substructure being related to

another substructure by an operation (a motion) which can
be of three types: 1) a global symmetry operation, effec-
tive everywhere in the crystal space (an ordinary space-
group operation); 2) a local symmetry operation, effective
only within a certain subspace of the crystal space and
bringing the subspace to superpose upon itself (a space-
groupoid operation); 3) a partial operation, effective only
within a subspace of the crystal space and bringing the
subspace to superpose upon another subspace. A partial
operation j is a non-symmetry operation inasmuch that
j(A) ¼ B while j(B) is undefined (“supersymmetry” ac-
cording to Zorkii, 1978).

There is clearly a parallel between superstructure vs. its
substructures on one side, and twin vs. its individuals on
the other side. The totally chromatic operations are effec-
tive on all the individuals of the twin and in this respect
they play the same role of global symmetry operations in
superstructures. The partially chromatic operations are
symmetry operations for one individual, but exchange the
other individuals: in this respect they play the same role
of local symmetry operations in superstructures.

In case of manifold twins, Eq. (1), which gives the
twin multiplicity, may be satisfied for m < m0. The number
of individuals related by at least one manifold twin ele-
ment is lower than the chromaticity of that element. There
can be several reasons for one or more individuals miss-
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K (p) degree H 1st twin
element

2nd twin
element

3rd twin
element

4th twin
element

5th twin
element

6ð6Þ

mð2Þ
2ð2Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð24Þ

4 1 3 2 == 3 2 ? 3 �11 ––

(2(2)3(3))(12) 3 1 2[001] 2[010] 3[111] –– ––

2

mð2Þ
�33
ð6Þ

� �ð6Þ
2 222 3[111]

�11 –– –– ––

2ð2Þ

mð2Þ
�33
ð3Þ

� �ð12Þ

3 �11 2[001] 2[010] 3[111] –– ––

2ð2Þ

mð2Þ
�33
ð6Þ

� �ð24Þ

4 1 2[001] 2[010] 3[111]
�11 ––

(4(4)3(3)2(2))(6) 2 222 3[111] 2[110] –– –– ––

(4(4)3(3)2(2))(24) 4 1 2[001] 2[010] 3[111] 2[110] ––

(4(2)3(3)m(2))(6) 2 222 3[111] mxxz –– –– ––

(�44(4)3(3)m(2))(24) 4 1 2[001] 2[010] 3[111] mxxz ––

4ð2Þ

mð2Þ
�33ð2Þ

2ð2Þ

mð2Þ

� �ð4Þ

2 23 2[110]
�11 –– –– ––

4ð2Þ

m
�33ð3Þ 2ð2Þ

mð2Þ

� �ð6Þ

2 mmm 3[111]
�11 –– –– ––

4ð2Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2Þ

� �ð12Þ

3 222 3[111] 2[110]
�11 –– ––

4ð4Þ

mð2Þ
�33ð3Þ

2ð2Þ

mð2Þ

� �ð24Þ

4 �11 2[001] 2[010] 3[111] 2[110] ––

4ð4Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2Þ

� �ð48Þ

5 1 2[001] 2[010] 3[111] 2[110]
�11

Table 2. (Continued)
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Table 3. Polychromatic point groups for higher-degree twins. II. K WB
(p) groups. 2d indicates two-fold axis diagonal with respect to the 3 fold

axis of the individual (parallel to h100i in the cubic setting of the polychromatic group). The orientation of the symmetry elements of H, when
not explicitly given, can be derived from the orientation of partially chromatic elements in K WB

(p). Other conventions as in Table 2.

K WB
(p) degree H 1st twin

element
2nd twin
element

3rd twin
element

4th twin
element

(4(4)2(2,2)2(2))(4) 2 2 (2 ? 4) 2 ? 2 4 –– ––

(4(4)m(2,2)m(2))(4) 2 m 2 == m 4 == 2 –– ––

(�44(4)2(2,2)m(2))(4) 2 2 �44 == 2 2 ? 4 –– ––

(�44(4)2(2)m(2,2))(4) 2 m 2 �44 == 2 –– ––

4ð4Þ

m

2ð2:2Þ

mð2:2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 mm2 (2 ? 4) 4 == 2 �11 –– ––

4ð4Þ

mð2Þ
2ð2:2Þ

mð2:2Þ
2ð2Þ

mð2Þ

� �ð4Þ

2 2/m 2 == m 4 == 2 –– ––

4ð4Þ

mð2Þ
2ð2:4Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð8Þ

3 2 4 == 2 2 ? 4 �11 ––

4ð4Þ

mð2Þ
2ð2Þ

mð2:4Þ
2ð2Þ

mð2Þ

� �ð8Þ

3 m 4 == m 2 ? 4 �11 ––

�33ð6Þ
2ð2:2Þ

mð2Þ

� �ð6Þ

2 2 3 == 2 �11 –– ––

�33ð6Þ
2ð2Þ

mð2;2Þ

� �ð6Þ

2 m 3 ? m �11 –– ––

(6(6)2(2,2)2(2))(6) 2 2 3 == 2 2 ? 6 –– ––

(6(6)m(2,2)m(2))(6) 2 m 3 2 == 3 –– ––

(�66(6)m(2)2(2,2))(6) 2 2 3 m == 2 –– ––

(�66(6)m(2,2)2(2))(6) 2 m1 3 m2 –– ––

6ð3Þ

mð2Þ
2ð2;2Þ

mð2Þ
2ð2;2Þ

mð2Þ

� �ð6Þ

2 222 3 �11 –– ––

6ð3Þ

mð2Þ
2ð2Þ

mð2;2Þ
2ð2Þ

mð2;2Þ

� �ð6Þ

2 mm2 (2 == 6) 3 �11 –– ––

6ð6Þ

m

2ð2Þ

mð2;2Þ
2ð2Þ

mð2Þ

� �ð6Þ

2 mm2 (2 ? 6) 3 �11 –– ––

6ð6Þ

mð2Þ
2ð2;2Þ

mð2;2Þ
2ð2Þ

mð2Þ

� �ð6Þ

2 2/m 3 ? 2 2 == 3 –– ––

6ð6Þ

mð2Þ
2ð2;4Þ

mð2Þ
2ð2Þ

mð2Þ

� �ð12Þ

3 2 2 ? 2 3 �11 ––

6ð6Þ

mð2Þ
2ð2Þ

mð2;4Þ
2ð2Þ

mð2Þ

� �ð12Þ

3 m 2 == m 3 == 2 �11 ––

(2(2,2)3(3))(6) 2 2 2[001] 3[111] –– ––

2ð2;2Þ

mð2;2Þ
�33ð3Þ

� �ð6Þ

2 2/m 2[001] 3[111] –– ––

2ð2;2Þ

mð2;4Þ
�33ð6Þ

� �ð6Þ

2 mm2 3[111]
�11 –– ––

2ð2Þ

mð2Þ
�33ð6;0Þ

� �ð8Þ

2 3 2d �11 –– ––

2ð2;4Þ

mð2Þ
�33ð6Þ

� �ð12Þ

3 2 2[001] 3[111]
�11 ––

2ð2Þ

mð2;4Þ
�33ð6Þ

� �ð12Þ

3 m 2[001] 3[111]
�11 ––

(4(4,2)3(3)2(2))(6) 2 4 3[111] 2[110] –– ––

(4(4,0)3(3)2(2,2))(6) 2 222 3[111] 2[110] –– ––

(4(4)3(3,2)2(2))(8) 2 3 2[010] 2[110] –– ––

(4(4,0)3(3)2(2))(12) 3 2 (2 == 4) 2[010] 3[111] 2[110] ––

(4(4)3(3)2(2,2))(12) 3 2 (2 ? 4) 2[001] 3[111] 2[110] ––
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K WB
(p) degree H 1st twin

element
2nd twin
element

3rd twin
element

4th twin
element

(4(4,2)3(3)m(2))(6) 2 �44 2[010] 3[111] –– ––

(4(4,0)3(3)m(2,2))(6) 2 mm2 3[111] 2[110] –– ––

(4(4)3(3,2)m(2))(8) 2 3 4 mxxz –– ––

(4(4,0)3(3)m(2))(12) 3 2 (2 == 4) 2[001] 3[111] mxxz ––

(4(4)3(3)m(2,2))(12) 3 m 2[001] 2[010] 3[111] ––

4ð4;2Þ

mð2;2Þ
�33ð3Þ 2ð2Þ

mð2Þ

� �ð6Þ

2 4/m 2[010] 3[111] –– ––

4ð4;2Þ

mð2;4Þ
�33ð6Þ 2ð2Þ

mð2;2Þ

� �ð6Þ

2 4mm 2[010] 3[111] –– ––

4ð2;2Þ

mð2Þ
�33ð6Þ

2ð2;2Þ

mð2Þ

� �ð6Þ

2 422 3[111]
�11 –– ––

4ð2;2Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2;2Þ

� �ð6Þ

2 �442m 3[111]
�11 –– ––

4ð4;0Þ

mð2;2Þ
�33ð3Þ 2ð2;2Þ

mð2;2Þ

� �ð6Þ

2 mmm 3[111] 2[110] –– ––

4ð4;0Þ

mð2;4Þ
�33ð6Þ 2ð2;2Þ

mð2Þ

� �ð6Þ

2 �442m 3[111]
�11 –– ––

4ð4Þ

mð2Þ
�33ð3;2Þ

2ð2Þ

mð2Þ

� �ð8Þ

2 �33 2d 2[001] –– ––

4ð4Þ

mð2Þ
�33ð6;0Þ

2ð2;4Þ

mð2Þ

� �ð8Þ

2 32 2[001]
�11 –– ––

4ð4Þ

mð2Þ
�33ð6;0Þ

2ð2Þ

mð2;4Þ

� �ð8Þ

2 3m 2[001]
�11 –– ––

4ð4;4Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2Þ

� �ð12Þ

3 4 2[010] 3[111]
�11 ––

4ð4;0Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2Þ

� �ð12Þ

3 �44 2[100] 3[111]
�11 ––

4ð4;0Þ

mð2Þ
�33ð6Þ

2ð2;4Þ

mð2Þ

� �ð12Þ

3 222 3[111] 2[110]
�11 ––

4ð4;0Þ

mð2;8Þ
�33ð6Þ 2ð2Þ

mð2Þ

� �ð12Þ

3 mm2, (2 == 4, m ? [100]) 3[111] 2[110]
�11 ––

4ð4;0Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2;4Þ

� �ð12Þ

3 mm2 (2 == 4, m ? [110]) 3[111] 2[110]
�11 ––

4ð4Þ

mð2;4Þ
�33ð6Þ 2ð2Þ

mð2;2Þ

� �ð12Þ

3 mm2 (2 == [1�110]) 3[111] 2[110]
�11 ––

4ð4;0Þ

mð2;4Þ
�33ð3Þ 2ð2Þ

mð2;2Þ

� �ð12Þ

3 2/m (2 == 4) 2[010] 3[111] 2[110] ––

4ð4Þ

mð2Þ
�33ð3Þ

2ð2Þ

mð2Þ

� �ð12Þ

3 2/m (2 ? 4) 2[010] 3[111] 2[110] ––

4ð4Þ

mð2Þ
�33ð6;0Þ

2ð2Þ

mð2Þ

� �ð16Þ

3 3 2[001] 2[010] 2[100]
�11

4ð4;0Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2Þ

� �ð24Þ

4 2 (2 == 4) 2[010] 3[111] 2[110]
�11

4ð4Þ

mð2Þ
�33ð6Þ

2ð2;4Þ

mð2Þ

� �ð24Þ

4 2 (2 ? 4) 2[001] 3[111] 2[110]
�11

4ð4Þ

mð2;8Þ
�33ð6Þ 2ð2Þ

mð2Þ

� �ð24Þ

4 m (m ? 4) 2[001] 3[111] 2[110]
�11

4ð4Þ

mð2Þ
�33ð6Þ

2ð2Þ

mð2;4Þ

� �ð24Þ

4 m (m == 4) 2[001] 3[111] 2[110]
�11

Table 3. (Continued)



ing: mechanical constraints (the twin growing on a surface
preventing the development of some individuals), morpho-
logical constraints (twin formed by attachment of indivi-
duals with relative orientation corresponding to an n-fold
rotation), accidental events (physical rupture of the twin).
For the twin as a whole, the twin operation is no longer a
true symmetry operation, but rather a partial operation in
the meaning explained above. In the case of superstruc-
tures, the partial operation does not appear in the symme-
try as expressed by the space-group type. For twins, the
occasional lack of one or more individuals should not af-
fect the symbol of the twin point group, otherwise the true
symmetry of the twin would be hidden. For example, let
us compare the (3(3)2(2,1))(3) threefold twin discussed above
in the case when one of its individuals is missing, and a
twofold twin where the individuals of symmetry 2 are
twinned according to a twofold axis bisecting the inter-
crystal angle (Fig. 2). The symmetry elements of the indi-
viduals which are not parallel to each other are either lost
in the twin (Buerger, 1954) or become partially chromatic
elements if they are related by a totally chromatic twin
element of order higher then 2 (see Table 3). The two-
individual twin in the central part of Fig. 2 is not a two-
fold twin, but rather a threefold twin with a missing indi-
vidual. The thrichromatic axis 3(3) still relates the two in-
dividuals left: the twin operation about it does not

disappear, but is rather transformed into a partial twin op-
eration, in the meaning of partial operation discussed
above. To indicate this accidental lack of individuals in
twins we propose the term incomplete twinning. In this
respect, the term complete twin introduced by Curien and
Donnay (1959), which has become practically undefined
once the limitation on the crystal family has been re-
moved, is logically redefined to indicate a manifold twin
in which none of the twin operations is partial. In higher-
degree twins, the complete or incomplete character has to
be judged with respect to each intermediate twin point
group.

Symbols for incomplete twins are easily obtained from
the polychromatic symbols by modifying only the global
chromaticity index p, which is now split into two parts, a
superscript pp (the lower “p” for “present”) and a subscript
pa (“a” for absent), with the obvious relation between the
complete and incomplete twin: p ¼ pp þ pa. In the exam-
ple above, the symbol of the twin point group becomes

simplyð3ð3Þ2ð2;1ÞÞð2Þð1Þ.

Fig. 2 shows clearly that this incomplete twin has high-
er, although partial, symmetry than the 20 twin with which
it could be easily mistaken.

Analysis of examples from the literature

NaBa2M2
2þM3þO6 (M ¼ Ni, Cu) Quarez et al. (2002) is

orthorhombic, space-group type Fmmm (H ¼ mmm) with
a perfectly hexagonal mesh in the (001) plane
(a ¼ 8.296(2), b ¼ 14.369(3), c ¼ 11.225(3) �A for
M ¼ Ni; a ¼ 8.416(2), b ¼ 14.577(5), c ¼ 11.418(3) �A for
M ¼ Cu; b ¼ a � 31/2 in both cases). Based on this hexa-
gonal mesh, a hP sublattice exists, which corresponds to
the twin lattice. The three-fold axis of this sublattice acts
as twin element, producing a threefold first-degree twin.
Twinning is by reticular merohedry, twin index 2, de-
scribed by the K WB

(3) group

6ð3Þ

m

2ð2;1Þ

mð2;1Þ
2ð2;1Þ

mð2;1Þ

� �ð3Þ

:
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Fig. 1. Comparison of H ¼ m and K WB
(6) ¼ (6(6)m(2,2)m(2))(6) groups.

A segment perpendicular to the mirror is used to indicate the m ei-
gensymmetry of the individual. In K WB

(6) the original mirror plane,
as well as the two others equivalent to it, is dashed to indicate its
partial chromaticity. The second set of three mirrors is totally chro-
matic and drawn thus by solid lines.

Fig. 2. The symmetry of a trichromatic twin in its complete multiplicity (3(3)2(2,1))(3) (left) and with one individual missing ð3ð3Þ2ð2;1ÞÞð2Þð1Þ (centre),

and the symmetry of a binary twin 20 (right). In all cases, the individuals have symmetry 2. Solid lines are partially chromatic two-fold axes:
symmetry elements for one individual, which are also twin elements relating the two other individuals (left). When one individual is missing
(centre), their partial chromaticity splits into symmetry component (for the individuals left) and twin component (for the individual missing)
(dashed lines). Dotted lines for the 20 twin (right) simply indicate the angular separation between the two individuals.



Twinning in h8-cyclooctatetraenyl)[hydrotris(pyrazolly)
borato]titan(III) was presented by Herbst-Irmer and Shel-
drick (1998). The mC cell (a ¼ 10.220, b ¼ 11.083,
c ¼ 7.538 �A, b ¼ 96.85
, Cm) has a metrically hR
primitive cell with a ¼ 7.538 �A and a ¼ 94.64
, and
the twin element is 3[111] (rhombohedral indexing).
Twinning by metric merohedry occurs with respect to
H ¼ m and is described by the trichromatic point group
K WB

(3) ¼ ð3ð3Þmð2;1ÞÞð3Þ. The trichromatic axis 3(3) corre-
sponds to symmetry axis for LT, whereas the m plane is
partially chromatic: it is a symmetry element for the indi-
vidual to which it belongs, but at the same time it ex-
changes the two other individuals.

A similar case of twinning by metric merohedry occurs
also in S3(Ru0.336Pt0.664) CuO6 (Friese et al., 2003), mono-
clinic holohedral (H ¼ 2/m) but with a rhombohedral
lattice. The trichromatic point group is centrosymmetric,

K WB
(3) ¼ �33ð3Þ

2ð2;1Þ

mð2;1Þ

� �ð3Þ

. This compound undergoes

further twinning, this time by reticular merohedry with
twin index nT ¼ 3. The twin lattice is hP, which is a
sublattice of hR, and twinning by reticular merohedry is
described, with respect to LI, by the dichromatic point
group 60/m02/m20/m0. As a whole, with respect to H ¼ 2/
m, the second-degree twin symbol is hexachromatic:

K WB
(6) ¼ 6ð6Þ

m

2ð2;2Þ

mð2;2Þ
2ð2Þ

mð2Þ

� �ð6Þ

.

The same twinning, described by the same K WB
(6)

symbol, is shown also by the low temperature (LT) phase
of Cs3Bi2I9 (Arakcheeva et al., 2001) which is a mono-
clinic distortion of the hexagonal room temperature (RT)
phase (LT: a ¼ 8.346(6), b ¼ 14.472(9), c ¼ 21.10(1) �A,
b ¼ 91.00(6)
, C2/c; RT: a ¼ 8.409(1), c ¼ 21.243(5) �A,
P63/mmc). The twin lattice is the hexagonal lattice of the
RT phase, and twinning is by pseudo-merohedry. The two
lattices have a in common, whereas bLT is approximately
parallel to [120]RT. The unique axis (c) of the RT lattice is
thus perpendicular to the unique axis (b) of the LT lattice.
The twin consists of six individuals, which the authors
however described as “related by the symmetry operations
3-fold axis and m-planes”. Actually, the orientation of
these twin elements as given by authors [3 ? (001)LT,
m1 == (100)LT, m2 == (001)LT] shows that the sixfold axis of
the RT lattice is totally chromatic, responsible thus for all
the six individuals, the other twin elements being not inde-
pendent.

Cu8GeS6 (Onoda et al., 1999) is orthorhombic (space-
group type Pmn21) but with a pseudo-tetragonal lattice
(a ¼ 7.0445, b ¼ 6.9661, c ¼ 9.8699 �A) and a pseudo-
cubic sublattice (a close to 9.9 �A and angles close to
90
) that the authors have described as pseudo-rhombo-
hedral.

The first stage of this composite twinning consists in a
binary twin by merohedry, the twin element being the in-
version centre, for which the authors gave the equivalent
2[100] twin axis (domain 4 in table 2 therein). The second
stage of twinning consists in a threefold twin by reticular
pseudo-merohedry (twin index 2) with respect to the
pseudo-cubic sublattice. The number of individuals in-

creases to 6, and the composite twin is described by the

hexachromatic point group K WB
(6) ¼ 2ð2;2Þ

mð2;4Þ
�33ð6Þ

� �ð6Þ

.

Finally, six other individuals, of smaller size, showed
reflections which could not be indexed with integral
values, and were refined by using a six-dimensional
approach.

Conclusions

The application of dichromatic point groups to describe
the symmetry of twins – approximate in the case of
TLQS – has been extended to polychromatic point
groups, by means of which multiple and higher-degree
twins can be described too by means of a single, compact
symbol giving the symmetry of both the twin and the in-
dividual. The concepts of incomplete twin and of partial
twin operation have been introduced, to differentiate twins
in which one or more individuals are accidentally missing
from twins with the same number of individuals but lower
symmetry.

The examples discussed, all taken from the recent lit-
erature, have shown the need to improve the geminogra-
phical knowledge and awareness of the daily crystallogra-
pher, who is confronted with twinned crystals and
sometimes ends with imprecise descriptions of his sam-
ples, even when he succeeds in solving and refining the
structure.
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