
1 EXERCISE: Phase Transitions of BaTiO3

1.1 Solution

Sketches of the demformed unit cells relative to the cubic cell are given below

(i) (b) Displacement parallel <100>: tetragonal
(c) Displacement parallel <110>: orthorhombic
(d) Displacemente parallel <111>: trigonal (rhombohedral).

(ii) (b) Tetragonal polymorph: space group P4mm
(c) Orthorhombic polymorph: space group Amm2
(d) Rhombohedral polymorph: space group R3m Note that for the
orthorhombic cell with axes a’,b’,c’ two axes are chosen along face
diagonals of the cubic cell (axes a,b,c and one along a cube edge; for
instance, for the diagram (c):

a’=a, b’=b-c, c’=b+c (polar axis),
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resulting in space group Amm2 (No. 38).

(iii) The subgroup indices are:

(b) | G : h |=| Pm3̄m : P4mm |= 6 threefold axes lost
(c) | G : h |=| Pm3̄m : Amm2 |= 12 fourfold and threefold
axes lost
(d) | G : h |=| Pm3̄m : R3m |= 8 fourfold axes lost.

(iv) For the twinning of BaTiO3 the numbers of orientation states of the
domains are equal to the subgroup indices given above.
For case(b), tetragonal P4mm, there exist three pairs of ”90 domains”
along the edges of the cubic high-temperature cell, each pair consisting
of two ”180 domains”, due to the antiparallel orientations of the vectors
of spontaneous polarisation in the polar space group P4mm

2 EXERCISE: Subgroups of Point Group 4mm ;
Translationengleiche Subgroups of Space Groups
P4mm

2.1 Solution

The point group 4mm has order 8: the group elements are 1, 2z =42
z,

41
z,4

−1
z =43

z,mx,my,m+ and m−. The rotations are labelled as in the Fig.1
in order to describe the subgroups uniquely.
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Fig.1. Symmetry group 4mm=C4v of the square
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(i) Point group 4mm has three subgroups of index [2], i.e. order 4. Their
Hermann-Mauguin symbols are 4z,mxmy2z and m+m−2z where 2z

is contained in 4z. The five subgroups of index [4], i.e. order 2, are
2z,mx,my,m+ and 2−.

(ii) Subgroups diagram of 4mm (Fig.2).

(iii) All three subgroups of index [2] (order 4) are normal, of the five sub-
groups of index [4], 2z is normal (because it has no conjugates in 4mm).
The subgroups mx and my, as well as m+ and m− each form a con-
jugate pair, because my = 4zmx4−1

z and m+ = 4zm−4−1
z holds. (In

subgroups diagrams conjugation is sometimes indicated by horizontal
lines: mx—my and m+—m−).

(iv) , (v) The diagram in (ii) can be used to display the translationengle-
iche subgroups of space group P4mm (Fig.3).
For each group the upper symbol indicates those operations of P4mm
which are retained in the subgroup, leading to non-standard sym-
bols, e.g. P2zm1. The lower symbol is the standard (short) Hermann-
Mauguin symbol of the subgroups.
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Fig. 2. Subgroup diagram of 
point group 4mm  

Fig. 3. Translationengleiche 
subgroups of space group  
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Remark 1. Due to the convention to choose the basis vectors parallel to
the rotation axes, C -centered cells appear although the translation lattice
has not changed. If the retained twofold axes are diagonal, the conventional
basis vectors a’,b’,c’ of the subgroup are a’ = a-b, b’ = a+b, c’ = c
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with respect to the basis vectors a,b,c of P4mm. Referred to a’,b’,c’ the
cell is C -centered, see Fig.4.
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Fig. 4. Change of  basis vectors: a’=a-b, b’=a+b

Changes of lattice-type symbols in subgroup relations are not uncom-
mon. Another example are translationengleiche tetragonal subgroups of cu-
bic F space groups: Fm 3̄m −→ F4/m 1̄2/m ∼ I 4/mmm, etc., because there
is no standard F for tetragonal spacegroups in IT A (1983).

Remark 2. The analogy between point group 4mm and its space groups
is not restricted to P4mm but extends to all twelve space groups of this
crystal class, from P4mm (No. 99) to I 41cd (No. 110). The ’family trees’
are always of the same kind, only the entries differ.

3 EXERCISE: Splitting of Wyckoff positions for
the group-subgroup pairP4mm > Cm

3.1 Solution

Consider group-subgroup related space groups G > H. Atoms which are sym-
metrically equivalent under G, i.e. belong to the same orbit of G, may become
non-equivalent under H, (i.e. the orbit splits) and/or their site symmetries
may be reduced. The orbit relations induced by the symmetry reduction are
the same for all orbits belonging to a Wyckoff position, so one can speak
of Wyckoff-position relations or splitting of Wyckoff positions. Theoretical
aspects of the relations of the Wyckoff positions for a group-subgroup pair
of space groups G > H has been treated in detail by Wondratschek (Miner-
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alogy and Petrology, 48(1993), 87-96). An important result is given by the
following lemma:

Let G be a space group and H a subgroup of index [i] of G. The site-
symmetry groups of a point X under the space group G, SG(X) and under
its subgroup H, SH(X), define the so-called reduction factors of the site
symmetry : R = |SG(X)|

|SH(X)| . When the space-group symmetry is reduced from
G to H and the orbit OG(X) of the point X in G splits into q orbits OH(Xj)
of H, the following relation holds:

[i] =
q∑

j=1

Rj

The maximal splitting corresponds to Rj = 1 for each j = 1, . . . , q and
this is always the case if OG(X) is a general-position orbit.

The splitting of the Wyckoff positions for the symmetry break P4mm
>Cm can be done by direct inspection. For that it is first necessary to trans-
form the coordinates of the Wyckoff positions representatives of P4mm to
the subgroup basis. In our specific case, with zero origin shift, the coordi-
nates of a point (X)G , expressed in the basis of H are given by:

(X)H = P−1(X)G

Here, the 3x3 square matrix P=‖ Pij ‖ transforms the conventional basis
(a,b, c)G of G to the conventional basis of H:

(a′,b′, c′)H = (a,b, c)GP

The direct inspection of the transformed coordinates of the Wyckoff
position representatives and their comparison with the representatives of
the Wyckoff positions of Cm gives the following splitting schemes:

1a 4mm (0, 0, z) → 2am (x, 0, z)

1b 4mm (1/2, 1/2, z) → 2am (x, 0, z)

2c 2mm. (1/2, 0, z) → 4b 1 (x, y, z)

4d ..m (x, x, z) → 4b 1 (x, y, z) ∪ 2am (x, 0, z) ∪ 2am (x, 0, z)

No splittings occur for the Wyckoff positions 1a, 1b and 2c; only their site-
symmetry groups are reduced. The special position 4b of P4mm splits into 3
positions of Cm, one of which has also a reduced site symmetry (the general
position 4b (x,y,z)).
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4 EXERCISE:Monoclinic phase of the system PbZr1−xTixO3

4.1 Solution
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