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Space groups

Bernd Souvignier

Definition 1 A crystal patternis a set of points ifR™ such that the translations leaving
it invariant form a (vector) lattice ifR™.

Definition 2 A space grougs a group of isometries dR™ (i.e. of mappings ofR"
preserving all distances) which leaves some crystal paiteariant.

A typical example of &-dimensional crystal pattern is displayed in Figure 1. Of
course, the figure only displays a finite part of the patterrictvlis assumed to be
infinite, but the continuation of the pattern should be cfeam the displayed excerpt.

Figure 1: Crystal pattern iR-dimensional space.

Remark: The pattern in Figure 1 was actually obtained as the orbitoafes point
under a space group which in turn is just the group of isometries of this pattefhis
observation already indicates that space groups can bstigated without explicit
retreat to a crystal pattern, since a crystal pattern foictviai space group is its group
of isometries can always be constructed as the orbit of saf@yichosen) point.

Itis fairly obvious that the space group of the crystal patia Figure 1 contains trans-
lations along the indicated vectors and that it also costéarfold rotations around
the centers of each block dfpoints.

It is the purpose of this and the following sessions, to findjppropriate description
of space groups which on the one hand reflects the geometegies of the group
elements and on the other hand allows to classify space guger various aspects.
Although the application t@- and3-dimensional crystal patterns is the most interest-
ing, it costs almost no extra effort to develop the conceptsafbitrary dimensions
n. We will therefore formulated most statements for genenadethsionn, but will
illustrate them in particular for the cases= 2 andn = 3.



1 Space group elements

Before we have a closer look at the elements of space grouwpbriefly review some
concepts from linear algebra.

1.1 Linear mappings

Definition 3 A linear mappingy on then-dimensional spacR™ is a map that respects
the sum and the scalar multiplication of vectordRih, i.e. for which:

() g(v+w)=g(v)+ g(w) forall v,w € R™;
(i) g(a-v)=a-g()foralveR" acR.

Note: Since a linear mapping respects linear combinations, it is completely deter-
mined by the imageg(vy), ..., g(v,) on a basiguv, ..., v,):

glag v +ag-vo+ ...+ ap-v,) =a1-g(v1) +as-gva) + ...+ ayp - g(vy)

Moreover, once the images of the basis vectors are knowrintage of an arbitrary
linear combinationv = oy -v1 +as-v9+. ..+ ey, - v, Only depends on itsoordinates
with respect to the basis.

Definition 4 Let(vq,...,v,) be abasis oR™ and letw = a;-v1+ag-va+. .. +ay v,

be an arbitrary vector dR”, written as a linear combination of the basis vectors.

Then thex; are called theoordinatesof w with respect to the basig,, ..., v,) and
o

the vector| : | is called thecoordinate vectoof w with respect to this basis.

Qp
Example: Choose( (é) , G)) as basis oR?. Then the coordinate vector <§ )

is <x B y) since
)

(- (e (-0

Note: If we choose thestandard basis

1 0 0

0 1 0
er=|.|,e=|.|, - n=

0 0 1

for R™, then each column vector coincides with its coordinatearect

For every basis, the coordinate vectors of the basis arestttens of the standard basis,
sincev; =0-v1+...+0-v;_1+1-v;+...+0-v,. Therefore itis useful to work
with coordinate vectors, since that turns every basis imostandard basis.
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Since linear mappings are determined by their images os bastors, itis very conve-
nient to describe them hyatriceswhich provide the coordinate vectors of the images
of the basis vectors.

Definition 5 Let (v4,...,v,) be a basis oR™ and letg be a linear mapping aR”.
Theng can be described by the x n matrix

ail a1 N AT

21 a2 ... Q2pn
A=

nl Apy ... Apn

which has as itg-th column the coordinate vector of the image,) of the j-th basis
vector, i.e.
g(vj) = a1v1 + a2jV2 + ... + anjvp

If w=aj-vi+as-v9+...+a,- v, IS an arbitrary vector oR", then the coordinate
vector of its image undey is given by the product of the matriA with the coordinate
vector ofw:

oy B1

Qp Bn
denotes thay(w) = By -v1 + B2 - va+ ... + By - Up.
Examples:

(1) The following figure shows two bases &, the first is the standard basis

o () s () )

/ /
Uy v2 vy

U1

We consider the linear mappingwhich is the reflection in the dashed line (the
x-axis). Sincev; — v1,v9 — —uvg, With respect to the standard bagibas the

matrix L0
0 —-1)°
On the other hand, we havg — —uv5, v, — —v), hence with respect to the

alternative basisy has the matri><<_o1 _01>



(2) The hexagonal lattice has a threefold rotatjcais symmetry operation.

o o o
V2
/
o (%) o o
o o U1 o
o o o o
o o o

With respect to the standard basis, v ), this rotation has the matrix
<_l _£>
2 2
¥3 1|
2 2

However, if a symmetry adapted ba%s)l = <é> )) is chosen,

the matrix ofg becomes much simpler, singév;) = v} andg(v}) = —v1 — v).
The matrix ofg with respect to this basis is thus

0 -1
1 -1/
In the context of symmetry operations, we have to make sateattransformation can

be reversed, i.e. that it has an inverse transformation thattthe composition of the
two mappings is the identity operation.

RS
NG

Definition 6 A linear mappingg is calledinvertible if there is a linear mapping !
such thatgg~! = ¢g~'g = id, whereid denotes the identity mapping leaving every
vector unchanged, i.ed(v) = v for all vectorsv € R™.

Lemma 7 A linear mappingy is invertible if and only if the imageg(v1), ..., g(v,)
of a basigvy, ..., v,) of R™ form again a basis dk™, i.e. are linearly independent.

Definition 8 The set of invertible linear mappings &% forms a group. The group of
corresponding: x n matrices is denoted b§/L,,(R) (for general linear groujp

1.2 Affine mappings

The following argument shows that elements from space grwape to be mappings
of a special kind, namelgffine mappings

Let o be the (chosen) origin d&k™ and lets be an isometry in a space group, then we
denote byt the translation by the vectai(o) — 0. Since a translation is an isometry,
the mappings — ¢ is also an isometry and by construction it fixes the origin
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It is an elementary (but not so well-known) fact that an isognéixing the origin
actually has to be an invertiblmear mappingg, hence the isometryis what is called
anaffine mappingthe sum of an invertible linear mapping and a translation.

Lemma 9 Each element of a space group is the sum of an invertiblerlimzgoping
and a translation, i.e. an affine mapping.

Since the elements of space groups are affine mappings, Wwaomil investigate in
some more detail the properties of groups of affine mappings.

Definition 10 Theaffine groupA,, of degreen is the group of all mappinggy | ¢} (in
Seitznotation) consisting of Bnear partg € GL,,(R) (i.e. an invertiblen x n matrix)
and atranslation partt € R".

The elements af4,, act act as

{9 1}(v) =g v+t
on the vectors of the vector spac®”.

Note that the linear part of an elemefy | ¢} has to be annvertible matrix, since
otherwise the element would not have an inverse.

Examples:

(1) In dimensiore, a reflection in the line: = y is given by

e G)l6)
(0 0)[@)6) =)+ @)= C)

(2) A glide reflection with shift% along thez-axis is given by

o {0 VIO
{6 IEC) -G G-

(3) In 3-dimensional space, a fourfold screw rotation with a shﬁ’rt}Icaround the

z-axis is given by
0 -1 0 0
{g1t}=<[1 0 o ‘ 0
0 0 1 3

and acts as



Since we are only interested in isometries, we only have & déh the subgroup of
the affine groupA,, which consists of the elements preserving all distancesart
translations keep all distances and a linear mapping isanegy if and only if its
matrix g is anorthogonal matrix(with respect to the standard basis), jé.- g = id.

Definition 11 The groupE,, := {{g | t} € A, | ¢" = g~ '} of affine mappings with
orthogonal linear part is called ti&uclidean group

In particular, every space group is a subgroup of the Euatidgoup. Before we focus
on space groups, we state some important facts about the gffaup, which will be
used in the discussion of space groups.

1.3 Basic properties of the affine group

It is a fruitful exercise to compute the product of two affineppings explicitly. For

that, we apply the product of the two elemekiis | t} and{h | u} to an arbitrary

vectorv:

(g ltr-{nlup)) ={g|t}(h-v+u)=g-(h-v+u)+t=gh-v+g-u+t
={gh | g-u+t}(v).

Lemma 12 The product of two affine mappindg | ¢} and{A | u} is given by

{glth-{h|ut={gh|g-u+t}

The short computation above thus shows, that the lineas pétivo affine mappings
are simply multiplied, but that the translation part is ntjthe sum of the two transla-
tion parts, but that the translation parbf the second element fwistedby the action
of the linear pary of the first element.

By Lemma 12 it is also easy to derive the inverse of an elersénte for{h | u}
being the inverse ofg | t} we requireh = g~ ! andg - u = —t, thusu = —g~! - ¢.

Lemma 13 The inverse of the affine mappidg | ¢} is given by

{glt} ' ={g " —g" t}.

An important way of investigating subgroups of the affineugréninges on the fact that
the linear parts are just multiplied. This means that fdiggtabout the translation part
results in a homomorphism from the affine group to the matroug GL,,(R).

Theorem 14 LetII be the mappingl : A, — GL,(R) : {g | t} — g which forgets
about the translation part of an affine mapping.

(i) The mappindlI is a group homomorphism from,, onto G L,,(R) with kernel
7 :={{id |t} |t € R"} and image= L, (R).

(i) A, contains a subgroup isomorphic to the imagé,,(R) of II, namely the
groupG = {{g | 0} | ¢ € GL,(R)} of elements with trivial translation part.



(i) Every element{g | ¢t} can be written agg | t} = {id | t} - {g | 0}, thus
A, = T - G. Since on the other hand the intersectidbn G consists only
of the identity elemen{id | 0}, the affine groupA4,, is the semidirect product
7 x GL,(R) of 7 andGL,,(R).

The homomorphisnil can be applied to every subgrotp< A, of the affine group,
it has the group of linear parts as image and the normal supgobtranslations irG
as its kernel. The homomorphisihtherefore allows to split a space groGpinto two
parts.

Definition 15 Let G be a space group and |&t be the homomorphism defined in
Theorem 14.

(i) The translation subgroup := {{id | t} € G} is the kernel of the restriction of
ITto G.

(i) The groupP := II(G) of linear parts inG is called thepoint groupof G. Itis
isomorphic to the factor grou@'/T.

Note: In general, a subgrou@ < A,, is not the semidirect product of its translation
subgroup and its point group. For space groups, onlysgramorphicgroups are
semidirect products, whereas groups containing e.g. gétlections with a glide not
contained in their translation subgroup do not containrtpeint group as a subgroup.

Exercise 1.
Prove that two affine mappindg | t} and{h | u} commute (i.e{g | t} - {h | u} =
{h | u}-{g|t})ifand only if

() the linear partgy andh commute;

(i) the translation parts fulfillg — id) - u = (h —id) - t.
Conclude that an arbitrary affine mappifig | ¢t} commutes with a translatiopid | u}
if and only if u is fixed under the action of.
1.4 Matrix notation

A very convenient way of representing affine mappings arestirealledaugmented
matrices

Definition 16 The augmented matrivf an affine mappindg | ¢} with linear part
g € GL,(R) and translation partc R" is the(n + 1) x (n + 1) matrix

(5%atr)

In order to apply such an augmented matrix to a veetar R"”, the vector is also
augmented by an additional component of valud he usual left-multiplication of a
vector by a matrix now gives

(511)- () - ()
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and ignoring the additional component yields the desiredlte
We also check that the product of the augmented matricesideis with the product
of affine mappings as given in Lemma 12. By usual matrix miid@bion we get:

(3 ()= (352,

thus the linear part of the productgé and the translation part is- u + t as required.

Note: In view of the representation of affine mappings by augmemettices, the
homomorphismiI becomes very natural, it just picks the upper lefk n submatrix
ofan(n + 1) x (n + 1) augmented matrix.

Examples
(1) p4mm
If we take as crystal pattern the lattice points of a commarasg) lattice, the
group of isometries of this pattern is the group generated kptation of order

4, the reflection in ther-axis and the two unit translations along the and
y-axis. These four elements are given by the matrices

0 —-110 1 010 1 011 1 00

1 0|0 |, 0 —-1]0 |, 0 1|0 ], 0 11

0 0|1 0 0|1 0 0|1 0 01
(2) c2mm

If the crystal pattern consists of the lattice points of ataagular lattice and
the centers of the rectangles, the space group of this pasigenerated by two

reflections in thex- andy-axis and translations to the centers of two adjacent

rectangles. These generators are given by the matrices

1 0|0 -1 0|0 1 0]3

0 —11]0 |, 0 1|0 |, 01|35 |,

0 01 0 01 0 01
(3) P4,

In this example &-dimensional crystal pattern is assumed that in addition to

the translations only allows a fourfold screw rotation whafter 4 applications
results in a unit translation along theaxis. This space group is generated by
the matrices

0 1 010 1 0 01 1 0 0]0 1 0 0]0
-1 0 0|0 01 010 01 01 01 00
0 0 1| ['loo 1jo['lo0ooO0 1|0 ['|O0O0 11
0 001 000|1 000|1 0001
Exercise 2.
Two space group elements are given by the following transédions:
x Z'i‘l x —y
g:ly|—=z+35], b:|y]|—=|z+3
z —y z z-i—%

Determine the augmented matrices §andh and compute the producgsh andp - g.



2 Analysis of space groups

We have already noted that every space group is a subgrouye d&uclidean group
&, and that it can be split into its translation subgrdijand its point groupP via the
homomorphisnil. We will now deduce some more properties of the point gréup

Since the observation of the following theorem is crucial tee analysis of space
groups we include its proof (which is very short).

Theorem 17 Let G be a space group, Iét = II(G) be its point group and denote by
L the (vector) lattice

L={v|{id|v} €T}
of translation vectors ifl". ThenP acts on the latticd., i.e. forv € L andg € P one
hasg -v € L.

Proof: SinceT is a normal subgroup @, conjugating the eIemer(t%’%) by an

—1
g

element
(5

explicitly gives:
gttt ! id‘v g_l‘t B g‘—g-t g_l‘t—i-v
0 |1 01 0o ]1) \o] 1 0] 1
_(d|g-v
(e e

This shows that indeegl- v € L and hence the point group acts on the latticd.. o

i ) € G gives again an element @f. Working out this conjugation

Note: The distinction between the translation subgraiipf a space group and its
translation latticel. may seem somewhat artificial, since by the mapding| t} —

t the two groups are clearly isomorphic. However, since wetiplyl space group
elements, but add lattice vectors, it is good practice t@kbe two notions apart.

By now we have worked out that the point grofpof G is a group of isometries and
that is acts on the latticé of translations inG. This means thaP is a subgroup of the
automorphism group

Aut(L) == {g € GL,(R) | ¢ = g7, g(L) = L}
of L. From this fact we now can prove tha&tis a finite group.

Theorem 18 The point groupP’ of a space groug is finite.

Proof: We fix some lattice basig, . .., v,) of L and assume that, is the longest of
these basis vectors (they may of course all have the samtin)eigincel is a lattice,

itis in particular discrete, hence it contains only finitelany vectors of length at most
llvn||. Since an automorphism df preserves lengths, it can only permute vectors of
the same length. But for a finite setwf elements there are at most permutations,
and since every element &f is determined by its action on the lattice basis, there are
only finitely many possibilities for the elements Bf .
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2.1 Transformation of a space group to a lattice basis

The observation that the point grodpacts on the translation lattice gives rise to a
change of perspective:

New point of view: Instead of writing all vectors and matrices (and hence tlge au
mented matrices) with respect to the standard badi®'dfas we did so far) it is con-
venient to transform the elements of a space group to adabisis of its translation
lattice.

Lemma 19 Let G be a space group written with respect to some bBstf R™ (e.g.

the standard basis). L&f be the matrix of a basis transformation to a new bagisf

R™, i.e. the columns ofX are the coordinate vectors of the vectorgihwith respect
to the basisB.

Then writing out the conjugation b :

X'|o gt X0\ [ XlgX|X'-t
0 |1 01 0|1/~ 0o | 1
shows that with respect to the new baBisthe elemen{y | ¢} of G is transformed to
the element

{g/ 1ty ={X"TgX | X7 -t}.

In particular, if(v1, . .., v, ) is a lattice basis of the translation lattice@fand X is the
transformation matrix to this lattice basis, then the ttatisn {id | v;} is transformed
to

{id | X1 v} = {id | e}

wheree; is thei-th unit vector havingd in its i-th coordinate and else.

Writing a space group with respect to a lattice basis, ..., v,) of its translation
lattice L has the following consequences:

e All vectorsv € R™ are given ascoordinate vectorsith respect to the basis
T
(v1,...,vy,), i.e. the coordinate vectoy : | denotes the vectar = zjv; +
Tn
R i X o

e In particular, the translation lattice becomed. = Z", since the lattice vectors
are precisely the integral linear combinations of a latbesis.

e The translation subgroup of G becomes” = {{id |t} |t € Z"}.

e The point groupP becomes a subgroup 6fL,(Z), since the images of the
vectors in the lattice basis are again lattice vectors aud ititegral linear com-
binations of the lattice basis.

The price we pay for this transformation to a lattice basithé&t the point group no
longer consists of orthogonal matrices for whigh = ¢—! holds, but that they fix the
metric tensoof the lattice basis.
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Definition 20 For a basisB = (vy, ..., v,) themetric tensorf B is the matrixF' €
R™*™ of dot products of the basis vectors, if§; = v; o v;.

If X is the matrix withv; asi-th column, then the metric tensor is given by =
Xir. X,

Theorem 21 If a space groupg- is written with respect to a bas{sy, . . . , v,), then the
metric tensorF’ of this basis is invariant under transformations from thapgroup P
of G, i.e.

g'"Fg = F for eachg € P.

In particular, if G is written with respect to a lattice basis of its translatiattice, the
point group elements fix the metric tensor of the lattice 9asi

Proof: Let g € P be an element from the point group 6f written with respect to
the basigvy, ..., v,) and denote by the same element written with respect to the
standard basis Let X be the matrix of the basis transformation from the standard
basis to the new basis, i.e. the matrix withasi-th column. Then the rules for basis
transformations state that= X ~'¢’X andg’ = XgX .

For the orthogonal matriy’ we know thatg’""¢’ = id and replacingy’ by XgX !
gives

gt’l”g/ —id = Xft’l”gtTXtTXngl —id = gtTXtTXg — XtTX.
The metric tensof’ = X' X of the basiqv1, ... ,v,) is thus preserved by. .

By a slight variation of the above proof one deduces how aiotetnsor is transformed
under a basis transformation.

Corollary 22 If F is the metric tensor of a basis = (vy,...,v,) andX is the basis
transformation to a new basis, . .., v;,), then the metric tensor @8’ is given by
F'=X"FX.

In particular, if the metric tensaoF' is invariant under a point group and P is trans-
formed to a new basis by the basis transformafign.e. toP’ = {X~!.¢g-X | g € P},
then P’ fixes the metric tensaK " F X.

Exercise 3.
Prove the above corollary, i.e. show thatgif Fg = F forall g € P and P’ =
{X71.g-X|ge P} theng™ X" FX¢g' = X"FX forall ¢ € P'.

Note: It is often the case that a space group is neither given wiha&t to the stan-
dard basis ofR™ nor with respect to a lattice basis of its translation lattibut with
respect to another convenient basis. This is for exampleadbke for the group2nmm
in the examples above. The matrices there are given witleog$p the (obvious) basis

(<8> ) (2) > , a # b of a rectangular lattice.

2
In this case the point group fixes the metric tené% b02>

Example: In the examples above we gave the space gmRpm of the centered
rectangular lattice with respect to a basis of the rectargalttice. This resulted in
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translations with nonintegral coordinates. If we transfathis group to the lattice

a a
basis((%) , ( 2b> ) , the generators given above are transformed to
2 T2

0 10
1 0l0 |,
0 01

Written with respect to the lattice basis, the point groupdgithe metric tensor
1 (a?>+b% a®—b°
4 \a?2-bv* a2+0b%)"

Important note: The transformation to a lattice basis is not a standard point
view taken in crystallography. Here, one often distingashetweeprimitive
lattices where theconventional celspanned by the basis vectors contains just
one lattice point anatentered latticeswhere it contains more than one lattice
point. In a centered lattice, not all translations have gre coordinates and
the translation lattice thus is actually larger than thetleé generated by the
chosen basis.

The reason for this distinction between primitive and cesttdattices is that it
is often convenient to work with special kinds of bases warehregarded as
particularly nice and simple. In dimensiorzsand 3 it is indeed the case that
for families of lattices which are contained in each othdékglthe cubic lattice
and its centerings), one of these lattices has a particylaite basis (such as the
standard basis for the cubic lattice). Moreover, in theseelisions the primitive
lattice and its centerings almost always have isomorphio@uarphism groups
(the only exception being the hexagonal lattice and the tiwmadral lattice as
a centering of it).

However, the same is no longer true in higher dimensions.reTtias often
impossible to distinguish one of the lattices in a family amfiive lattice, since
none of the lattices may have a basis with particular nicengetic properties.

Moreover, the automorphism groups of the lattices in onélfamay differ sub-
stantially, and not always the most simple one has the lagy@ametry group.
Two examples may illustrate this:

— In dimension 4, the standard lattiZé generated by the standard basis has
a symmetry group of orded84. It has a sublattice of index 2 which has a
symmetry group of ordet152, i.e. larger by a factor af. (This sublattice
is the so-called root lattice of typE; and has the corners of the regular
polytope called th@4-cell as vectors of minimal length.)

— In dimension 8 the situation is even more intriguing: Thetradtice of
type Es might be regarded as a centering of theimensional checker-
board latticeDg, which in turn is the sublattice of all vectors with even
coordinate sum in the standard latti&&. Both the standard lattice and the
checkerboard lattice have a symmetry group of ofi&21920, whereas
the Ej lattice has a much larger symmetry group of or6es729600.
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Finally, for the interplay between the translation subgroand the point group

of a space group, it is extremely convenient to use the ptppbat the trans-

lations are integral vectors, and we therefore will alwayssame that a space
group is written with respect to a lattice basis.

From the perspective of classical crystallography, this/iomk like we are only
dealing with primitive on not with centered lattices, butdar approach sim-
ply all lattices are regarded as primitive, since there ismreasonable general
concept that allows to distinguish between primitive antterd lattices.

Exercise 4.
The point groupP (in the arithmetic clas3m1P) is generated by the matrices

0 1 0 01 0
g=|-11 0o |,h=(10 0
0 0 -1 00 -1
20 —a 0
(i) Check thatP fixes the metric tensof’ = | —a 2a 0 |. It thus acts on a
0 0 b

hexagonal lattice.

(i) P also acts on a rhombohedral lattice, which is obtained fioenetbove hexag-
onal lattice by the basis transformation

-1 2 -1 0o -1 1
X==-1-21 1 with inverse transformatioX ~! = 1 0 1
1 1 1 -1 1 1

Transform the metric tensaf of the hexagonal lattice to the metric tensor of
the rhombohedral lattice (with the columns.®fas lattice basis).

(iii) Transform P to the rhombohedral lattice (thus obtaining a point grétipn the
arithmetic clasSmR) and check that the so obtained point group fixes the metric
tensor computed in (ii).

2.2 Systems of nonprimitive translations

We already remarked that in general a space group is not alsentiproduct of its
translation subgroup and its point group, since it does eoessarily contain a sub-
group isomorphic to the point group.

Example: The smallest example for a space group that is not a semiigireduct is
the space groug: with point group of ordel acting on a rectangular lattice such that
the nontrivial element of the point group is induced by aglidflectiong:
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Any product ofg with a translation has a translation component along:tais of
1 01
the form% +kwithkeZandg?=| 0 1|0 | isitself also a translation. Hence
0 01
the space groug’ has besides the identity element no elements of finite onmira
particular no subgroup of ord€@ isomorphic to its point group.

Although the point groug® may not be found as a subgroup, it still plays an important
role for the description of the elements@f sinceP is isomorphic to the factor group
G/T.

Definition 23 For a subgroufd” < G, a(right) cosetof T is a set of the form
Tg={tg|teT}forsomeg € G.

Two cosets are either equal or disjoint.
Aset{gi,..., g, of elements inG is called a set ofoset representatives transver-
salfor T'in G if G is the disjoint union of the cose®gy,Tgo, ..., Tg,, i.e. if

G=Tg UTgyU...UTg,.

In the case of space groups, one fas| v}-{g |t} = {g | t+v}, hence all elements
in a coset ofl" have the same linear part. This implies that every tranavefs” in G
has to contain each linear part Bfprecisely once.

Lemma 24 Every transversal of the translation subgrdlipn a space groug- with
point groupP is of the form{{g | t,} | g € P}. It contains precisely one element for
each elemeny in the point groupP of G.

Remark: A transversal ofl" in G is quite useful to construct (a reasonable part of) an
orbit of G onRR™ which in general will be a crystal pattern havigbas its space group.
For that, choose a poipt € R™ and apply all elements of the transversaptdf not

all of the so obtained points are different or if two of thesengs differ by a lattice
vector, the poinp is in special positiorand its orbit may have a space group differing
from GG. Otherwise, the point is in general positiorand the full orbit ofp underG is
obtained by translating the”| points obtained from the transversal by lattice vectors.
The space group of the orbit of a point in general positiorréziselyG.

Example: Figure 2 below displays the orbit of the space gréup- p2gg which has
a transversal

—_

ol o
= Nl =

with respect to its translation subgrofipcorresponding to a rectangular lattice.
Itis convenient to plot an asymmetric symbol at the posgiofithe orbit points instead
of a point, since this allows to recognize reflections andtions more easily.

. . - . 2
As pointp of which the orbit is calculated, we choose the pgint <OOI5> and we
plot the symbok at each position in the appropriate orientation (the ppihes the
symbols).
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b b b
9 ¢ 9
9 9 9
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b i b
9 ¢ 9
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Figure 2: Orbit of a point in general position under spaceaign2gg.

Definition 25 Let {{g | t,} | ¢ € P} be a transversal df’ in G. Then the set
{ty | g € P} of translation parts in this transversal is calledyatem of nonprimitive
translationsor translation vector systenvhich we will abbreviate as SNoT.

Of course, the transversal and thus the SNoT is by no meansi@insince each,
may be altered by a vector from the translation lattice. Tinesns in particular that an
element, which lies inT" can be replaced by thevector.

This also explains the term 'nonprimitive translationn@® one may assume that the
elements of the SNoT lie inside the unit cell of the latticed @re therefore vectors
with non-integral coordinates (0.

From the multiplication rule of affine mappings we can dedaceémportant property
of a SNoT.

Theorem 26 The product{g | t,}-{h | tn} = {gh | g-tn+ 14} lies in the same coset
of T as the elemenfgh |ty }, therefore the elements of a SNoT conform with

tgh = g-th +ty+tforsomet € T
which we call theproduct conditionabbreviated as
tgh =g -ty +tymod T.

In particular, a SNoT is completely determined by its valoegenerators of the point
group, since the value on products follows via the produaddmn.

If we assume that a space group is written with respect tdiaddiasis, we can assume
that the elements of its SNoT have coordindies z; < 1, since adjusting them by
lattice vectors means to alter their coordinates by valo&s iThis actually makes the
SNoT unique.

Definition 27 A space group’ that is written with respect to a lattice basis of its
translation lattice is determined by:
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¢ the metric tensof of the lattice basis;
e afinite groupP < GL,(Z) fixing the metric tensoF";
e a SNoT{t, | t € P} with coordinates in the interval, 1)

The space group can then be written as:

_ g t9+t n
G_{<0 1 >\geP,teZ}.

A space group given in this form is said to be giversiandard form

Exercise 5.
A space group- is generated by the elements

1 0|3 -1 0]3 1 0|1 1 0fo
g=|(0 -1{0 |,p=| 0 1)1 ), [0 1[0 ], |0 1|1
0 0]1 0 01 0 01 0 01

The point groupP of G has4 elements, the identity element and the linear parig, of
handg - b.

(i) Determine the translation subgroup 6f (which is not the standard lattice),
transform@G to a lattice basis of its translation lattice and writein standard
form. (Hint: g2 andh? are translations.)

(i) The elementg-h andh - g have the same linear part. Check that their translation
part only differs by a lattice vector of the translation iledt
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3 Construction of space groups

So far we have analyzed what a space graupooks like. We have seen that
contains a translation subgrodpas a normal subgroup and that the factor group by
this normal subgroup is (isomorphic to) the group of lineartp of the space group,
and is a finite group called the point groép The way in whichG is built from 7" and

P is controlled by a system of nonprimitive translations.

We will now investigate the somewhat opposite problem, homaf given translation
lattice L and a point groug acting onL, a space grougr can be built that has trans-
lation subgrougl” = L and point groupP = /T and what the different possibilities
are.

We will always assume that we write a space group with redpegtattice basis of its
translation lattice, hence we hate= Z" andP < GL,(7Z).

Since we have seen that a space group is completely detefrbings translation
subgroupT’, its point groupP and a SNoT, the question boils down to finding the
different possible SNoTs for a point group< GL,,(Z).

One possible solution to our question always exists, narfytrivial SNoT which
hast, = Oforall g € P.

Definition 28 For a given point groug® < GL,(7Z), the space group

o~ { (g} )1aericz)

with trivial SNoT is called thesymmorphicspace group with point group. It is the
semidirect product oZ" and P.

3.1 Shift of origin

Before we address the question how nontrivial SNoTs can bediowe first note a
slight complication.
Example: The 1-dimensional example of the space group generated by tige:gl

111
reflection’'g = < 01 i ) and the translatio( (1) i > is a space group in standard

form, sinceg? = < (1) (1) ) But of course, there is nothing like a glide-reflection in

1-dimensional space, there are only two space groups, ohdrwital point group and
the other with a point group of ordérand both are symmorphic.

If we check howg acts, we see that is mapped to} and } is mapped td), but 1
remains fixed. We therefore have a reflection in the péim/hich means that our
space group is indeed symmaorphic, but that the origin is hosen in a clever way.

What we have seen in the example above is that a shift of tggnaalters the SNoT
of a space group. We can actually compute quite easily hovBM&T is changed by
a shift of the origin by a vector. To compute how the matrices change, we have to
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conjugate with the matri{%’%) :

id | —v g9t id|vY [ id|—v glg-v+t,

0] 1 0[1 ojr) \o]1 of 1
_ g‘g-v—l—tg—v g‘tg—i- —id) -
0] 1 0] 1 '

The translation part, from the SNoT is thus changed By — id) - v

Definition 29 A SNoT of the form{(g — id) - v | g € P} for some vectow is called
aninner derivation

The strange term 'inner derivation’ has its origin in diéetial geometry and is com-
monly used in cohomology theory. We only remark that a SNoT aetually be re-
garded as an element of a conomology group.

Note: The inner derivations form a vector space, sincetfpr= (g — id) - v and
tt, = (g —id) - v we havety +t, = (g —id) - (v +0').

Theorem 30 A space group with SNoT¢, | g € P} is symmorphic if and only if
eacht, is of the formt, = (g — id) - v for some fixed vectop, i.e. if the SNoT is an
inner derivation.

If the SNoTs{t, | g € P} and{t; | g € P} of two space groups with the same point
group P differ only by an inner derivation (i.g, — t;, = (g — id) - v for some vector
v), then the space groups are actually the same, only writidnrespect to different
origins (differing by the vecton).

Example: Let P be the point grou@mmgenerated by

= 5)=(0)

" ‘ 0 ) —2x
For a vecton = <y> we get(g —id) - v = <_2y> and(h —id) -v = < 0 > =

inner derivations.
An arbitrary SNoT{¢, = (Z) = (CCZ)} can thus be changed {¢, = <8> (=

(2) } by an inner derivation by choosing= 1 <Z> ,
Exercise 6.
Show that an inner derivatioft, = (g —id) -v | g € P} fulfills the product condition

tgn = g - tn, +ty, mod T' by showing that even the equality;, = g - ¢}, + t, holds.

The following theorem (which is not hard to prove) stateg thaan appropriate shift
of the origin, the coordinates of a SNoT become rational rensilvith denominators
at most the ordefP| of the point group. This immediately shows that there arg onl
finitely many different space groups for a given point groug &ttice, since there are
only finitely many rational number® < 75’ < 1 with denominator at mos#|.
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Theorem 31 Let {t, | ¢ € P} be the SNoT of a space group. If the origin is shifted

by the vector
1
P
geP

then for the SNoT{#; | g € P} with respect to the new origin one hgsc ﬁZ”, ie.
the denominators of the coordinates of eg¢chre divisors of P|.

3.2 Frobenius congruences

We have seen that the different possible space groups boitt 7" and P are de-
termined by the different SNoTs modulo inner derivationdie possible SNoTs are
restricted by:

(1) the product conditio;, = g - t}, + t, mod Z",
(2) the translation partof {id | t} has to be an integral vector, ic Z".

The product condition reduces the determination of the Sté@Enerators of the point
group P. But even then the second restriction - although appeasirty innocent -
amounts in a seemingly infinite task:

Problem: If an arbitrary product in the generators Bfgives the identity element of

P, then the translation part of the corresponding produchéngpace group has to be
an integral vector. In principle these are infinitely manifedent products which one

would have to check.

Fortunately, the question of describing all products ingbaerators of a group which
result in the identity is a classical problem in group theangl actually was one of the
first problems to be addressed computationally. The ideause gresentatiorof the
point group byabstract generatoranddefining relators

Definition 32 AgroupP = (¢1,. .., gs) has thepresentation

(X1, s |11,y Te)

with abstract generators; anddefining relators-; = r;(x1, ..., x) which are prod-
ucts in ther; and their inverses;l, if the following hold:

e substitutingg; for x; in the relators yields the identity element Bf

e all products of they; giving the identity can be derived from the relatorsby
the following transformations:

— insertion or deletion of a relator in a product;
— conjugation with a generatar; or its inverser; *;
— insertion or deletion of subterms of the form—! andz~'x.

Examples:

(1) The cyclic group”,, of ordern has the presentatiofx | z™).
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(2) The symmetry grou@,, of a regular-gon has the presentation

(@,y | 2,97, (zy)?)
wherez represents a rotation of orderandy a reflection.

The first two relators allow to reduce the powerseadindy by n and2, respec-
tively. The third relator can be read ag = yz~' and allows to collect all
powers ofzx to the left and ally to the right. The relators thus allow to reduce
every product inz andy to one of the2n productsziy? with 0 < i < n and

0 < j < 2. These2n products correspond to ti2e elements ofD,,.

(3) The symmetric grou, of all permutations oft symbols has the presentation
(@,y,2 | 2%, 9%, 2%, (2y)°, (y2)*, (22)?)

wherez, y, z represent the permutatioris, 2), (2, 3), (3,4), respectively. In
this example it is slightly harder to check that the giveratiehs are actually
sufficient.

(4) The symmetry group), of the cube has generators

0 0 1 0 -1 0
g=(1 0o o|l,h=[1 0 o
0 -1 0 0 0 1

A presentation for this group witlh andy representingy andh is given by
Remarks:

(1) For afinite group it is always possible to find defining teta. For small groups
this can usually be done by hand, but often it is more convndeuse standard
tools from computer algebra packages.

(2) The opposite problem, to identify a group given by a pméstgon is much
harder. In general, it is even impossible to decide wheth@oduct in a group
given by abstract generators and defining relations is thetity element of the

group.

The application of group presentations to the problem oémheining SNoTs is based
on the following observation.

Theorem 33 Let ¢1,. .., gs be generators of a point group and let(xy,...,z, |
ri,...,r¢) be a presentation dp.

i tz‘ . .
Assume thafy; = (%H) are augmented matrices far < ¢ < s such that

substitutingz; by g; in the relators ofP gives translations with translation vector in
7",

Then all products in thg; which have the identity oP as linear part have translation
parts inZ"™.
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This theorem is proved by checking that the transformatgiwen in Definition 32 by
which the products evaluating to the identity may be mamitgd do not change the
property of having a translation part #i".

Corollary 34 Let P be a point group with presentation as above angjjdie aug-
mented matrices such that the relatorsibkvaluate to translations with translation
vectors inZ".

Then, extending the translatiohsfor the generators aoP to all elements of° via the
product conditiorty;, = g - t;, + t, gives a SNoT forP.

We are thus reduced to the problem of choosing translatiots fjar the generators
of P such that evaluating the relators Bfon these elements gives translations with
integral coordinates. But this means just to solve a (fisiysjem of linear congruences
moduloZ, which are called th&robenius congruences

Definition 35 Let g1, ...,9s be generators of a point group and let(xy, ...,z |
ri,...,7¢) be a presentation dp.

i | b . . .
Letg; = <%’T> be augmented matrices for< i < s where the coordinates of

the translation vectorg areindeterminates

Then evaluating the relators &t in the augmented matricgs and equating the re-
sult with 0 mod Z gives rise to a system of linear congruences which are c#iled
Frobenius congruences

Every solution of the Frobenius congruences gives rise th@lJor P.

Since we already know that SNoTs differing only by an inneih@gion represent the
same space group with respect to a different origin, in otoleietermine the different
space groups with point group and translation lattic&™, we only have to consider
representatives of the solutions of the Frobenius congesnop to inner derivations.

To whom it may concern: We are by now heavily busy with cohomology theory. The
solutions of the Frobenius congruences modulo inner d&iva are nothing but the
first cohomology groupd ! (P, R™/Z™) which is isomorphic to the second cohomol-
ogy groupH?(P,Z").

Example: We consider the point groupnmmgenerated by

%))

which has presentatiofx, y | 22,42, (zy)?).
Evaluating the relators on the augmented matrices

1 0 |a -1 0]c
g=|0 —1|b |, 6= 0 1|d
0 0|1 0 011
gives the three matrices
1 0] 2a 0 1 010
0 110 |, 0 1|2d |, 01
0 0|1 | 1 01



The Frobenius congruences are thus
2a=0modZ and 2d =0 mod Z.

We have already seen that the inner derivations for thisgediow to seth = 0 and
¢ =0, and itis indeed a good idea to first compute the inner déoratand eliminate
as many of the indeterminates as there are linearly indegpeicher derivations before
evaluating the relations.

Thus, modulo the inner derivations we have the possibletisoia € {0, 3} and
d € {0, 3} which give rise to the following four SNoTs:

1) ty =ty = <8> this is the symmorphic space group.

1

(2) ty, = <g> , th = (8) the space group has a glide reflection alongatfaxis

and an ordinary reflection along thyeaxis.

(3) ty = 8 , th = 2 : the space group has an ordinary reflection along the

2
z-axis and a glide reflection along theaxis.

1
4) t, = (8) , th = <g> the space group has glide reflections alongathand
2

y-axis.

Exercise 7.
Compute the inner derivations and the solutions of the Frinisscongruences modulo
the inner derivations for the following point groups

o= (o) n= (50)

and has presentatiaa, y | 22,92, (zy)?).

o=(7 ) n=( )

and has presentatio, y | 2,42, (zy)?).

(1) P is generated by

(2) P isgenerated by

Example: In order to show that the concept of finding SNoTs via Frobgmiongru-
ences carries over to higher dimensions, we considedianensional example.

The symmetry group of a regular octagon is the dihedral gafugrder 16, which is
generated by the matrices

000 -1 000 1
_[roo0 0], _Joo 1o
I9=lo10 o|"" o100

001 0 1000
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and has presentatiofr, y | 2%, y?, (xy)?). Note that representing the group by 2
matrices is possible, but involves irrational numbers §k2and thus results in a non-
crystallographic group.

We first determine the inner derivations. Since id is an invertible matrix, letting
run overR* results in(g — id) - v running over all vectors dR*. Thus the translation
part of g can be chosen as tiievector and only the translation part afhas to be
considered in indeterminates.

The first relator is now superfluous. Evaluating the other telators on the matrices

000 —1]0 000 1]a
1 00 010 001 0]|b
g=|010 o]0 |[,p=]0 10 0]c
001 010 1 00 0|d
000 0]1 000O0|1
gives the two matrices
1 00 0|la+d 1000 O
01 0 0|b+c 01 0 0la+c
B2=]1 0 0 1 O|b+c |,(gh)’=] 0 0 1 0| 2b
0 00 1|la+d 0 00 1|la+c
0000] 1 0000] 1

The Frobenius congruences are thus:
a+d=0modZ, b+c=0mod Z, a+c=0modZ, 2b =0 mod Z
We either havé = 0 which impliesc = 0,a = 0,d = 0o0rb = % which implies

-1 _1g_1
C—Q,a—Q,d—Q.

The only nontrivial SNoT is thus given by

0

y th =2

o O O
— =

3.3 Normalizer action

There is still one issue we have to consider in order to amiveuly different space
groups. So far, we have regarded the point gréups the set of linear parts of the
space grougs. However, these elements can be permuted by an automorpitra
point group. Since we are dealing with space groups, we cigrapply such automor-
phisms which respect that the space group has translatiiceld™. In particular, an
automorphism has to map the standard basig"ofo another lattice basis & and
therefore must be given by conjugation with an elemert 6f,(Z).

Definition 36 For a point groupP? < GL,,(Z) the group
N := Ngr,,z)(P) := {a € GL,(Z) | a 'ga € Pforall g € P}

is called thentegral normalizerof P.
It is the group of automorphisms @&t which additionally map the lattic&™ to itself.
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Remark: It can in general be a fairly difficult task to determine theegral normalizer

of a point groupP. However, in low dimensions the point groups are well-known
groups and also their automorphisms can be computed ekisiign remains to check
whether an abstract automorphism is induced by conjugatitman integral matrix.

Examples:

(1)

(2)

3)

The groupP = {id, —id} hasN = GL,(Z) as its integral normalizer, since
+id commutes with any matrix. This shows that the integral ndizeais not
necessarily a finite group. However, since the finite gréupas only finitely
many different automorphisms, there are only finitely maiffecent conjuga-
tion actions onP. The subgroup ofV which fixesP elementwise, i.e. for which
a~lga = g holds for allg € P is called theintegral centralizerof P. Itis a
subgroup of finite index in the integral normalizer.

The point groupP generated by the matrices

o=(o 5) = ()

has an integral normalizer which is generatedyby and the additional element

o — 0 1
~\1 0
which interchanges the two basis vectors.

Note that the grou® has an abstract automorphigpof order3 which cycli-
cally interchanges the elementsh andgh. But sincegh has trace-2, whereas

g and h have tracd), an automorphism which is given by matrix conjugation
has to fixgh and can only interchanggandh, since the trace is invariant under
matrix conjugation.

The full symmetry grougP of the square lattice generated by the matrices

=7 ) n=(4 )

has an abstract automorphism which interchanges the twestgpreflections
(reflections inx- and y-axis vs. diagonal reflections). This automorphism is
induced by conjugation with the matrix

=0 4)

which is an element of? L,,(Q) but not of GL,,(Z) and thus is not contained in
the integral normalizer oP. The integral normalizeN,, z)(P) is thus justP
itself.

Lemma 37 Assume that € Ng;,, () (P) and that{g | t,} € G. The action ofz on
{g | ty} is given by

a_l‘O ' g‘tg . a‘O _ a_lga‘a_l'tg
0 |1 01 oj1) 0o | 1 '
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In particular, ifg’ € P such thay = a~'¢'a, then conjugation by maps{g | ¢,} to

{g]at ty}.
The element, of a SNoT is thus changed by the actiorsphamely according to

tgr>a ! taga-t.

We have just seen that transforming a space group with anegliefrom the integral
normalizer will in general change the SNoT. However, coajign by a matrix cer-
tainly is an isomorphism of groups, and hence the space gatigh is obtained via
the action of the integral normalizer should not be rega@®d new space group.

Important note: The integral normalizer reveals amherent ambiguityin the geo-
metric situation. In example (2) above we have seen thatntiegtial normalizer of the

group P generated by
1 0 -1 0
o=(o 2= (0 )

contains the transformation which interchanges the twishestors. This means that
after interchanging the basis vectors, the gréupemains the same. But this means,
that the two basis vectors ageometrically indistinguishable The crucial point is
thatg andh are reflections in two perpendicular lines, but none of tHieses can be
distinguished geometrically as belonging to the first basidor.

Example: We have already computed that there are four SNoTs moduéy iteriva-
tions for the point grougP? = 2mm generated by

RIRACE]
&) tgzth=(8>;
1= ()0~ (0
o))
1) 1-()

Since the normalizer element
01
o= (1 o)

interchangeg andh, its action on the SNoTs can be seen immediately.
Applying a to the SNoTs (1) and (4) does not change them, but for the SRjpWith

3 0
p— 2 =
oo () e (0 weoe
tg a”t “laga—1 = @ tp = (8) ot aT g =a tg = <2>
2

25



and this is precisely the SNoT (3).
The two SNoTSs (2) and (3) are thus interchanged by the integranalizer and give
rise to the same space group.

Discussion: It is worthwhile to discuss this example in full detail: Theimt group
2nmmis the symmetry group of a rectangular lattice. It fixes a méémsor of the form

a 0
F—<0 b),a,b>0,a7éb.

However, from the point group it can not be concluded whether b or a > b, i.e.
whether the first or the second basis vector is the short dnee thus have a space
group with a reflection along one of the axes and a glide réfleetiong the other one,
we can not tell whether the glide is along the short or the Isigg. Thus, the two
space groups with a glide for the first and for the second hasitors are regarded as
equivalent.

Note: The algorithm consisting of:
e finding the inner derivations;
e setting up and solving the Frobenius congruences;

¢ finding orbit representatives for the action of the integramalizer modulo the
inner derivations

was described by H. Zassenhaus in 1948 and is therefore aitkyal theZassenhaus
algorithm

Exercise 8.
A certain point groupP (known asnB) is generated by

and has presentatidn, y | 25,32, (zy)3, (23y)?).
Sinceg — id is invertible, (¢ — id) - v runs over all vectors ifR3, hence by a shift of
origin the translation part of may be assumed to Ie

1 00
The integral normalizer oP contains the matriy 0 0 1 | which interchanges the
010

second and third basis vector.

Determine the solutions of the Frobenius congruences’f¢assuming that, = 0)
and check which of the resulting SNoTs lie in one orbit undierintegral normalizer
of P.
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4 Space group classification

In this section we will consider various aspects under wliphce groups may be
grouped together. We will start with the finest notion of egience, which are the
space group typeand will end with the coarsest, the notionasf/stal family

4.1 Space group types

By the approach via translation lattices and point group&chviare glued together
to a space group via a SNoT, we can (in principle) determihspace groups up to
isomorphism, provided the possible lattices and point gscare known.

By a famous theorem of Bieberbach (1911) isomorphism ofesgasups is the same
as affine equivalence.

Theorem 38 Two space groups in-dimensional space are isomorphic if and only if
they are conjugate by an affine mapping frotp.

In crystallography, usually a slightly different notion @fluivalence than affine equiv-
alence is used. Since crystals occur in physical space aygigahspace can only be
transformed by orientation preserving mappings, spacepg@re only regarded as
equivalent if they are conjugate by arientation preservingffine mapping, i.e. by an

affine mapping that has linear part with positive determinan

Definition 39 Two space groups are said to belong to the sapaxe group typé
they are conjugate under an orientation preserving affingomng.

Thus, although space groups generated by a fourfold rightéd screw and by a
fourfold left-handed screw are clearly isomorphic, theyrdd belong to the same
space group type.

Definition 40 Two space group&’ and G’ are said to form amnantiomorphic pair
if they are conjugate under an affine mapping, but not underiantation preserving
affine mapping.

If G is the group of isometries of some crystal pattern, thenrisméomorphic coun-
terpartG’ is the group of isometries of the mirror image of this crygtattern.

The number of space group types is thus the number of isorisonptiasses plus the
number of enantiomorphic pairs. For dimensions uf,tthese numbers are displayed
in Table 1.

| dimension 1] 2] 3] 4] 5 | 6 |
isomorphism classeg 2 | 17 | 219 | 4783 | 222018| 28927922
enantiomorphic pairg 0| 0| 11| 111 79 7052

| space group types

2 [ 17] 230 4894 222097] 28934974

Table 1: Number of space group types in dimensions up to
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4.2 Arithmetic classes

Starting from the space groups, it is natural to collect ¢hepace groups together
which only differ by their SNoTs. Assuming that the spaceugare given in stan-
dard form, i.e. with respect to a lattice basis of their tfatisn subgroups, this means
that two groups are regarded as equivalent if they only diffethe choice of the lattice
basis.

Definition 41 Two space groups lie in the saragthmetic classf their point groups
P and P’ are conjugate by an integral basis transformation, i.#if= {X !gX |
g € P} forsomeX € GL,(Z).

We will also say that two point groupB, P’ < GL,(Z) lie in the same arithmetic
class if they are conjugate by a matrix@.,,(Z).

Point groups in the same arithmetic class act on the sanwelatid differ only by the
choice of the lattice basis.

The numbers of arithmetic classes of space groups are givesbie 2.

| dimension [1] 2] 3] 4] 5| 6 |
| arithmetic classeg 2 | 13| 73 | 710 | 6079 | 85311 |

Table 2: Number of arithmetic classes in dimensions uf to

We have seen that the point grodpof a space grougs is a subgroup of the full
automorphism grouplut(L) of the translation latticd. of G. But Aut(L) is a finite
subgroup ofZL,,(Z), hence it is a point group itself, namely of the symmorphiacsp
group with point groupAut(L) and translation latticé.

This shows that some of the arithmetic classes are disshgdi because their groups
are full automorphism groups of their lattices, while othare proper subgroups.

Definition 42 A point group P acting on a lattice. is called aBravais groupif it is
the full automorphism group af.

The arithmetic class containing is then called &ravais class

Since the groups in one Bravais class act on the same ldititgroups from different
Bravais classes act on different lattices, the Bravaiselsorrespond to the different
Bravais types of latticesr lattice typedor short.

There are now two obvious directions in which arithmeticsskes can be merged into
larger classes. The word 'direction’ can be taken literaflgroups are considered to
be positioned in a plane, where groups of the same order atleeosame horizontal

level and subgroups thus lie below their supergroups.

Vertically: Starting with a Bravais group, we can join the arithmetic class #fwith
the arithmetic classes of its subgroups. However, siAccts on a particular
lattice, we will only consider those subgroups/®fwhich do not act on anore
generallattice, i.e. on a lattice which has a smaller Bravais grdwmt.

This direction of joining arithmetic classes leads to théamof Bravais flocks
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Horizontally: Suppose thaP is a point group acting on some lattiée We assume as
always thatP is written with respect to a lattice basis bf thusP < GL,(Z).
But P also acts on other lattices thdn obvious examples are scalings like,
3L, or %L. The interesting cases are those latti€ésvhich lie between. and
one of its scalings, these are ttenteringsof L.

In general, the action dP on L’ gives rise to a point group”’ which does not lie
in the same arithmetic class &s but is isomorphic with?” and it is worthwhile
to join the arithmetic classes &f and P’.

This direction of joining arithmetic classes leads to theioro of geometric
classes

4.3 Bravais flocks

We have already seen that a lattice can be characterized mmeitic tensor containing
the dot products of a lattice basis. If a point graBpacts on a latticd., it fixes the
metric tensor ofL. However, a point group in general fixes not only a single moetr
tensor (or multiples thereof), but it actually fixes all nietensors from a vector space.

Definition 43 Let P < GL,(Z) be a finite integral matrix group. Then
F(P):={F eR™" | F=F" ¢"Fg=Fforall g € P}

is called thespace of metric tensosf P.
The dimension ofF (P) is called thenumber of parameterfr the metric tensors of
P.

If P is generated by the matrices, . . ., g, the spaceF (P) of metric tensors can be
computed as the space of solutions of a system of linear iegsdh the entries of’,
namely

g Fgi—F=0,1<i<r.
Examples:

(1) Let P = 2mm be the group generated by

o=(o 5) = ()

> . Then

c
b

trn o (@ —c¢\ fa cy_ (0 =2
9ty F_<—c b> (c b) _<—20 0 )’
trpy @ (@ —c\ f(a c\y_ (0 =2
WFh—F = (—c b > (c b) - (—20 0 ) ’

hencec = 0 anda andb are arbitrary, thus the number of parameters &nd

J-'(P):{(S 2) |a,beR}.

This space of metric tensors characterizes the rectantatane.

and letF = <Z
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(2) Let P = 4 be the group generated lay= (? _01> and letF = <‘C‘ g)
Then

b —c a ¢ b—a —2c
tr _ — o —_
g Fg—F (—c a > (c b) < —2¢ b-— a) ’

hencec = 0 anda = b is arbitrary, thus the number of parameters &nd

]—"(P):{(COL 2) |aeR}.

This space of metric tensors characterizes the squaredatti

The space of metric tensors is useful to decide whether asupgf a Bravais group
acts on a more general lattice than the Bravais group. Fanpbea the groug! from
example (2) above has the same space of metric tensors asaveisBgroups mmof
the square lattice. However, the subgrdipf 4 (generated by?) has a space of
metric tensors of dimensioB. It acts on the oblique lattice, which is more general
than the square lattice.

Definition 44 Let P be a Bravais group. Then tigravais flockof P consists of the
arithmetic classes of subgroups Bf which have the same space of metric tensors as
P.

The Bravais flocks collect together those arithmetic clsskich genuinely act on
the same lattice. They are thus in correspondence with thedaypes and Bravais
classes, since each Bravais flock contains exactly one Braless.

The numbers of Bravais flocks, and thus also of Bravais ctased lattice types are
given in Table 3.

| dimension [ 1]2] 3] 4] 5] 6]
| lattice types|| 1| 5] 14 ] 64| 189 841 |

Table 3: Number of lattice types in dimensions ugto

4.4 Geometric classes

Let P be a point group acting on a lattideand written with respect to a lattice basis
of L. Assume that” also acts on a lattic&’ which is different fromL and letX be
the transformation matrix from the lattice basis/oto a lattice basis of.”. Written
with respect to that basis d@f the action ofP is given by

P ={X"1'9X|ge P}
SinceL # L', we have thalX ¢ GL,(Z), but clearlyX € GL,(R).

Definition 45 Two space groups lie in the sargeometric clas# their point groups
P and P’ are conjugate by a real basis transformation, i.€’it= {X~'¢gX | g € P}
for someX € GL,(R).
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We will also say that two point groupB, P’ < GL,(Z) lie in the same geometric
class if they are conjugate by a matrix@.,, (R).

Point groups in the same geometric class are the actions afrixrgroup on different
lattices.

Historically, the geometric classes in dimensibwere determined much earlier than
the space groups, because they can be obtained from thedanals of crystal faces
and thus describe the morphological symmetry of macrosonpitals.

The numbers of geometric classes of space groups are giviabia 4.

| dimension [1] 2] 3] 4] 5] 6]
| geometric classef 2 | 10 | 32| 227 | 955 | 7104 |

Table 4: Number of geometric classes in dimensions up to

Note: Itis common to speak of the geometric classes agyihes of point groupsT his
emphasizes the point of view to regard a point group as thepgod linear parts of a
space group, written with respect to arbitrary basisof R™ (not necessarily a lattice
basis).

Starting with the space group types, we therefore get thesifieation into arithmetic
classes if we keep the information about the point grampslattices and forget about
the SNoTs, and we get the classification into geometric etagsve also forget about
the lattices, thus keeping only the point group information

space group types — _arithmetic classes —  geometric classes
forget SNoT forget lattice

Diagram of arithmetic classes

In Figure 3 the subgroup diagram of arithmetic classes itntheagonal crystal family
(we will explain this term below) in dimensiohis displayed.

This diagram illustrates the different possibilities ofvirgy between arithmetic classes
discussed so far:

e the boxes represent the arithmetic classes;

the thick boxes represent the Bravais classes;

¢ if boxes are joined by a line, the lower group is a maximal sabp of the higher
group;

¢ the Bravais flock of a Bravais class consists of those boxeéshwian be joined
by a chain to the box of the Bravais class (note that in thigrdia all groups
have spaces of metric tensors of dimensiyin

e boxes which are directly joined together lie in the same getdmclass and are
thus actions of the same group on different lattices;

o for the sake of clearness, some boxes are slightly loweredhdxes with sym-
bols ending orR) in order to emphasize that the action is odifferentlattice.

31



Figure 3: Arithmetic classes in the hexagonal crystal fagmil

In particular, we can read off that thiE arithmetic classes fall intd2 geometric
classes an@ Bravais flocks, the Bravais flock of Bravais cl&snmmP contains all
arithmetic classes with symbols ending®and contains the groups genuinely acting
on a hexagonal lattice, the Bravais flock of Bravais ckasR contains all classes with
symbols ending ofR and contains the groups acting on a rhombohedral lattice.

4.5 Lattice systems

The idea by which arithmetic classes are joined into gedmeltisses can analogously
be applied to Bravais classes and Bravais flocks. If two Bsay@ups for different lat-
tices are conjugate by a basis transformatiore G L, (R), the corresponding Bravais
flocks may be joined into a larger class.

Definition 46 Two Bravais flocks are said to belong to the sdattice systenif their
Bravais classes belong to the same geometric class.

Analogously, we will say that two lattice types belong to 8@mne lattice system if
their Bravais groups belong to the same geometric class.

On the one hand every lattice system contains a Bravais cagke other hand all the
Bravais classes in a lattice system lie in the same geon@#tss, hence there are as
many lattice systems as there are geometric classes cogt@ravais classes.

Definition 47 A geometric class is calledl@lohedryif at least one of the arithmetic
classes contained in it is a Bravais class.

Every holohedry belongs to precisely one lattice systememedly lattice system con-
tains precisely one holohedry.

32



Note: In the hexagonal crystal family displayed in Figure 3 evertyite system con-
sists just of a single Bravais flock, since both holohedri@stain only one Bravais
class. This is not a typical situation, usually a holohedygtains more than one Bra-
vais class the Bravais flocks of which are then joined intdticasystem.

The numbers of lattice systems are given in Table 5.

| dimension [ 1]2][3] 4] 5] 6]
| lattice systems| 1| 4[7 | 33[57] 220

Table 5: Number of lattice systems in dimensions ug.to

4.6 Crystal systems

For the geometric class of a point groi) the arithmetic classes contained in it deter-
mine on which latticed” acts. A further possibility to classify point groups thenef
is given by joining those geometric classes which act on éineesset of lattices.

Definition 48 Two geometric classes belong to the sarngstal systenif the arith-
metic classes contained in them belong to the same set cABréwcks.

Example: In the hexagonal crystal family displayed in Figure 3, thetdal line sepa-
rates the two crystal systems. The geometric classes bbdashed line act both on
the hexagonal and on the rhombohedral lattice, this crgg&iem is called thizigonal
crystal systemThe geometric classes above the dashed line only act orelagbnal
lattice and belong to thieexagonal crystal system

A crystal system can contain at most one holohedry, and iexhenple above it does
so. Indeed, all crystal systems in dimensions updontain a holohedry, but for higher
dimensions this is no longer true.

Figure 4 displays a part of the arithmetic classes in a dryataily in 5-dimensional
space. There are six Bravais classes, indicated by the bakbskand only the geomet-
ric classes in the oval frame act on all the six differenidatt, whereas the holohedries
only act on four or two of the different lattices.

The numbers of lattice systems are given in Table 6.

| dimension [1]2][3] 4] 5] 6]
| crystal systemg] 1| 4] 7[33]59] 251

Table 6: Number of crystal systems in dimensions uf.to

Note that in dimensiors there are alreadg1 crystal systems that do not contain a
holohedry 251 crystal classes v&20 holohedries).
4.7 Crystal families

The coarsest classification level for space groups (and goimps) collects all arith-
metic classes together which can be reached by moving iBsalais flocks and inside
geometric classes.
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Figure 4: Crystal system without a holohedrysitimensional space.

Definition 49 The crystal familyof a space groug: is the smallest set of arithmetic
classes containing which contains full Bravais flocks and full geometric classe

Thus, if we graph all arithmetic classes of dimensioim the way shown in Figures 3
and 4, the crystal families are the connected components riegard boxes joined by
lines or directly joined as being linked.

The numbers of crystal families are given in Table 7.

| dimension [1]2]3] 4] 5] 6]
| crystal families|| 1[4 6] 23] 32] 91|

Table 7: Number of crystal families in dimensions ugbto

Up to dimensiorB it seems exceptional that a crystal family splits into défe crystal
systems, since the only instance of this phenomenon is thngpof the hexagonal
crystal family into the trigonal and the hexagonal crysyatems. However, in higher
dimensions it becomes rare that a crystal family consista sihgle crystal system,
hence this is actually the exceptional case and the spliitito several crystal systems
is the rule.

Summary

We finish this section by collecting together the numberslagses on the different
classification levels for dimensions up@an Table 8.
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| dimension [1] 2] 3 4 | 5| 6|
crystal families 1 4 6 23 32 91
lattice systems 1) 4 7 33 57 220
crystal systems || 1| 4 7 33 59 251
lattice types 1| 5| 14 64 189 841
geometric classeq 2 | 10| 32| 227 955 7104
arithmetic classeg| 2 | 13| 73| 710 6079 85311
space group types 2 | 17 | 230 | 4894 | 222079 | 28934974

Table 8: Number of classes on different classification irldimensions up t6.
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