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Irreducible Representations of Space
Groups

Method:

|. Construct all irreps of H
2. Distribute the irreps of H into orbits under G and

select a representative
3. Determine the little group for each representative

4. Find the small (allowed) irreps of the little group

5. Construct the irreps of G by induction from the
the small (allowed) irreps of the little group



SPACE GROUPS

Crystal pattern: infinite, idealized crystal structure (without
disorder, dislocations, impurities, etc.)

Space group @G: The set of all symmetry operations (isometries)
of a crystal pattern

Translation subgroup Tc<<| G: The infinite set of all translations
that are symmetry operations

of the crystal pattern

Point group of the The factor group of the space group

space groups P:: gll\aléilfgu%eszle’ét E’é) tcfslel_ltranslation



Step I.  TRANSLATION SUBGROUP IRREPS Tc<] G

Born-von Karman boundary condition
(I t)V = (1, N;) = (1, o)

(I, Nt); Nt = (Nity, Notr, N3t3)

infinite Tg:
{(1,0), (I,t}, (1,2¢),...,(I,Nt),(I,(N+D)t), ...,,(I,2Nt), ...}

N

finite Te: {(1,0), (1£}, (1,2¢),...,(1,(N-1)t)}



Representations of finite Abelian groups

. . cyclic groups
Finite Abelian groups { direct product of

cyclic groups

A B — A XB
@ at..a}  {bb?...br} {@mb")} m=}s

l l |

DP(a™),p=0.1...s-1 D3(b"), q=0,1,..,-I DP(@@™) ® DA(b")

e:z:p(—i%rm)g e:z:p(—i%rn)%
S

DPa(am, bn)= exp(—i2mm)= e:l:p(—i%n)g
S

P=O’ I yoesy O~ I q=0, I I I



IRREPS of Translational group

Translational subgroup: T

T=T, ® T, ® T3= {(t/* ta, ™)}

Dp,q,l‘(tl |(’ t2|, t3m)= | \\

exp(— szk)F exp(—i2wl) — exp( 227Tm
1 No

number of irreps:
p=0,1,..,Ni-1 g=0,1,..,N2-1 r=0,1,..,N3-1

dim DPar(t)X, t2!, t3™)=1



IRREPS of Translational group

reciprocal space

L:a1,22,a3 < > L*: a*|,a%,a™3
ai.a*j=2116ij
_ i i3
r(a19293)[(1, t)] = 27”((’“1 12N, T13773)

Niqi/r\h

r(a1a293)[(1, t)] = MK[(1, t)] = exp—i(k t)

ITA conventions:

(k €)= (kika,ks)ja*| (a,azas)|ti| = 211(k1,ka,k3)




IRREPS of Translational group

unit cell of reciprocal space (fundamental region)
kK'=k+K, K=hjaj*+haz*+hzaz*, KelL*
[“=exp(-i(k+K)t)=exp-i(k.t)=
first Brillouin zone (Wigner-Seitz cell)
k| <|K-k]|, vKeL*

crystallographic unit cell

0<|k|<]



first Brillouin zone (Wigner-Seitz cell)

k| <|K-k|, vKeL*

®

()




k| <|K-k]|, vKeL*

Wigner-Seitz
construction for
bcc lattice




Brillouin Zone Database
Crystallographic Approach

Reciprocal space groups Symmorphic space groups

Brillouin zones <= |T unit cells
Representation domain Asymmetric unit

Wave-vector symmetry Wyckoff positions

A The k-vector Types of Group 22 [F222]
¢ A
y2 ,.Z 2 4 k-vector description Wyckoff Position ITA description
it CDML*
~ % AO Conventional-ITA ITA Coordinates
Gy . Label Primitive
. GM 0,0,0 0,0,0 a | 2 222 0,0,0
Go A T 1,112,112 0,1,1 b | 2 222 0,112,112
. T, b | 2 222 1/2,0,0
H Z 112,1/2,0 0,0,1 c | 2 222 0,0,1/2
G Q() 0 Y 1/2,0,1/2 0,1,0 d | 2 222 0,1/2,0
3 Y=Y, d | 2 222 1/2,0,1/2
r. A SM 0,u,u ex 2u,0,0 e | 4 2. x0,0:0<x<=sm,
P Tk —7 Y ) /.(. U 1,1/2+u,1/2+u ex 2u,1,1 e | 4 2. X12,1/2:0<x<u,
% D T C y |
X U~SM1=[SM0 T2] e 4 2. x,0,0: 1/2"-‘0:5"“0 <x<1/2
SM+SM,=[GM T, e | 4 2. x00:0<x<1/2
A 1/2,1/2+u,u ex 2u,0,1 f | 4 2. x012:0<x<=a,
c 1/2,u,1/2+u ex 2u,1,0 f 4 2% x12,0:0<x<c,

c-z > a'z + b-2



Step 2. Classification of the irreps of the Translation
subgroup.

orbits of irreps of T

(o= M (Ww) ' (L) (Ww)), (LT, (Ww)eG
[<(l,e)= T (LW-'t)=exp-i(k .(W-'t)) =exp-i((k W').t)
kK'=kW + K
little co-group of k: G
k= kW + K, KeL*
special and general

Gk={I1} Gk>{I}



Orbits of irreps of the Translation subgroup.

star of k: k¥  GX iE B -
G=Gk+W, Gk+_ +W, Gk

l*={lk’=kWm+K,Wn ¢ G}

representation domain

exactly one k-vector from each star



Little group and Little-group irreps
(Allowed irreps of the little group)

Step 3. Little group G
G={(W,w)eG|We Gk}

Step 4. Allowed irreps of GX
(D*I|T) = exp(-ikt)I

special case: general k-vector

star of k
little group of k 7

. ®
allowed irreps



(" )
Little-group irreps
\ (Allowed irreps of the little group) )

Step 4. Allowed irreps of GX

1. K is a vector of the interior of the BZ
OR

2. GK is a symmorphic space group.

allowed irreps DK |
DK {(W, w) = exp —(ikw) D** (W)

Here D™ is an irrep of g%,



4 )
Little-group irreps

! (Allowed irreps of the little group) ’

1. K is a vector on the surface of the BZ
AND

2. GK is a nonsymmorphic space group.

allowed irreps DK% |
induced from allowed irreps D;L:‘ of Hp where
0

Ho is a symmorphic subgroup of GX

G>HID>Hy ... DHo> ... >T



Step 5. Induction procedure

Construction of the irreps of the space group G
by induction from the the small (allowed) irreps
of the little group G*<G






Procedure for the construction of the irreps
of space groups.

|. space-group information

(a) Decomposition of the space group G in
cosets relative to its translation subgroup

T, seeIT A (1996)
G=TUMW5o, Wo)TU ... U(Wp,wWy)T

(b) Choice of a convenient set of generators
of G, see IT A (1996)



2. k-vector information

(a) k vector from the representation domain
of the BZ

(b)| Little co-group GK of k:

CK={W,cG: k=kW, + K, keL*

(c)| k-vector star x(k)

(k) = {k, Ko, ... ,Ks}, withk = kW, j =
1, ... s, where Wj are the coset repre-
sentatives of G relative to GK.

(d)| Determination of the little group GK

Gk ={(W,,w;) eG: W, €G)



3. Allowed (small) irreps of Gk

(a) If K is a symmorphic space group or Kk is
Inside the BZ, then the non-equivalent
allowed irreps DK:* of gK are related to
the non-equivalent irreps D¢ of GK in
the followmg way:




(b) |If G¥ is a non-symmorphic space group
and K is on the surface of the BZ, then:

Look for a symmorphic subgroup H§
(or an appropriate chain of normal sub-

groups) of index 2 or 3
Find the allowed irreps D!’,‘jo of HK,

I. e. .those for which is fulfilled
D;_’L;(l, t) = exp —(ik, t) I and distribute

them into orbits relative to GK
Determine the allowed irrpes of GK us-

Ing the results for the induction from
the irreps of normal subgroups of in-
dex 2 or 3



Induction procedure

4. Induction procedure for the construction of
the irreps D*K:i of G from the allowed ir-
reps DK% of G
The representation matrices of D*K:%(G) for
any element of G can be obtained if the
matrices for the generators {(W;, w;), | =
1, ...,k} of G are available (step 1a).

Dlnd(g) ®

induction matrix



Induction procedure

Decomposition of G relative to GgK

An obvious choice of coset representa-
tives of G relative to GK is the set of of
elements {¢; = (W;, w;), 1 =1, ..., s}
where W, are the coset representatives
of G relative to GK




e elements of the little group GK and the coset
representatives {qi,q,...,qs} of G relative to GK are
necessary for the construction of the induction matrix

| if g' (Ww)q; € gK
MOV o 1 e g ok
0if g (W,w)q € G
0 | 0 0 dim M=s x s
0 0 | 0
| 0 0 0 :
monomial
0 0 0 | matrix
(Wi, w) | ¢ |q; |q; (Wi, w) | g (W, wi)g; | M(W, w




(b) Matrices of the irreps D*™ ™ of G:

All irreps of the space group G for a
given k vector are obtained considering
all allowed irreps of the little group gK
DK:™ obtained in step 3.



EXERCISES Problem |.

Consider the k-vectors 1'(000) and X (0%20) of the group P4mm

(i) Determine the little groups, the k-vector stars,
the number and the dimensions of the little-group irreps,
the number and the dimensions of the corresponding irreps
of the group P4dmm

(ii) Calculate a set of coset representatives of the
decomposition of the group P4mm with respect to the

little group of the k-vectors I'(000) and X, and construct
the corresponding full space group irreps of P4dmm



International Tables for Crystallography (2006). Vol. A, Space group 99, pp. 382-383.

|
P 4 mim C4v dmm Tetragonal
No. 99 P4dmm Patterson symmetry P4/mmm
oJe ®O0
Ne RN oL 0 O
0@ Oo ¢® Oo
ello ol
oJ(® ojle}
+O OF +O O+
HO) O+ +® O+«
oTo 00
Origin on 4mm
Asymmetric unit D0<x<!li 0<y<!l; 0<z<1; x<y
Symmetry operations
(1) 1 (2) 2 0.0,z (3) 4 0.0.z (4) 4 0.0.z
(5) m x,0.z (6) m 0.v.z (7) m x.x.z (8) m x,x.z
General position
(1) x,yz (2) X9,z (3) y,x,2 4 y.%,z

(5) x,y,z (6) X,y,2 (7) y,x,z2 (8) v,x,z



5.5 Crystal class 4mm

5.5.1 Arithmetic crystal class 4mmP

Fig. 5.5.1.1 Diagram for arithmetic crystal class 4mmP
Pdmm — C}, (99) to Pdybe — C5, (106)
Reciprocal-space group (P4mm)*, No. 99 see Tab. 5.5.1.1
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SOLUTION Problem |

Irreps of P4mm, [ (000) and X(01/20)

1. Space-group information

(a) Decomposition of P4mm relative to its
translation subgroup;

coset representatives from IT A (1996):

(1, 0),(22,0),(4,0),(471,0),
(Mmyz,0), (Mg, 0), (Myz,0), (Mg, O)

(b) generators of P4mm from IT A (1996)
tla t2a t39 (227 0)7 (4’O)a (my27 0)



>. k-vector information

(a) X (0,1/2,0)

(b) little co-group G* = {1, 2., my;, My} =

2, Myz Mg
1 —
0

(07 _1/23 O) — (07 1/29 O) + (Oa Ta O)

-
= O O

1
e.g., X2, = (0,1/2,0) (o
0

And the little co-group of [ (000)?



(c) k-vector star: * X = {(0, 1/2, 0), (1/2, 0, 0)}
coset representative of G = 4mm rel-
ative to GX = 2.m,.m;., HM symbol
mm?2
4mm = 2:My>Mgz U Myg 2:My2 My

(d) little group G* = P2,my.my., HM sym-
pbol Pmm?2

(e) decomposition of P4mm relative to P2, my,my.
P4mm = P2, My MzJ(Mgz, O)P2.MyMy2

And for the point [ (000)?



3. Allowed irreps of G
B

ecause G is a symmorphic group,
—X,%,7%7

DX (W, w;) = exp—(i X w;) D (W)
P2,mm | (1,0) (2,0) (my;, o) (my,, o) (1,1)
D! 1 1 1 1| exp—(iXt)
D*:? 1 1 —1 —1 | = exp —(imno)
D7 1 —1 1 —1| =(-1)m™
D4 1 —1 —1 1

t is the column of integer coefficients (n, ns, n3)

And for the point [ (000)?



4. Induction procedure

Generators of P4mm: ((W, w;)) = ((1, t;), (4, 0), (myza 0))

Representatives of P2, m,,m;, relative to 7T

{(Wja r&}j)} ={(1,0), (2.. O)a(myza 0), (Mg, 0)}
Coset representatives of P/mm relative to P2,m,,m,, :

{q1, 2} = {(1, 0), (Myz, 0)}.

Induction matrix

g (W, w) g

(Wi, w) | g G g (Wi, w) = (Wj, @;) | Mi; #0
(1,t) | (1,0) (1,0 (1, 1) (1, 0) (1, 1) 11
(Myz, 0) (Mag, 0) (Mag, Mezt) (Mg, 0) (1, my, t) 22
(my:, 0) | (1,0) (1,0 (myz, o) (1, 0) (my., o) 11
(Mg, 0) (Mg, 0) (47,00 (Mg, 0) (Mg, o) 22
(4,0) | (1,0)  (1,0) (4,0)  (mgg,0)  (my, o) 12
(Mgz, 0) (Mg, 0)  (Myz,0) (1, 0) (Mg, o) 21




(b) Matrices of the irreps D**** of G

X,i
0 DY (1, m,,t)
.y D*'(m,,, o) O
D X,Z(my27 0) p— oy
O D**'(m,,, o)
X, i
D**'(4,0) = O D™ (my:, o)
’ DX,Z(
My, O) O




Table of irreps D**'* for the generators of P4mm t =

(my;, o) (4, 0) (1,¢)
- [ 1 o) (o 1) ((—1)nz 0 )
\O 1 1 0 0 (—1)™
- (1 o) [ o 1) ((1)@ 0 )
0 -1) \ -1 o 0 (—1)m
s (1 o) ( 0 1) ((1)% 0 )
0 —1 10 0 (—1)m
- (1 o) (o 1) ((1)%2 0 )
0 1 10 0 (—1)m



EXERCISES Problem 2

Consider a general k-vector of a space group
G. Determine its little co-group, the k-vector
star. How many arms has its star! How many
full-group irreps will be induced and of what
dimension? Write down the matrix of the full-
group irrep of a general k-vector of a

translation.



SOLUTION

general k-vector k
irrep of T: [

little co-group Gk ={I}

little group B
star of k, k*={kW;Wic G }

Gk=T

allowed irrep: [
induction procedure

Problem 2

(Wiw)

q

(Ww)q;

g (Ww)q;

(1,t)

(Wij,wj)




SOLUTION

k*={k, k’, k”,..., k"}

D<(I,t)=

Problem 2

exp-ikt

exp-ik’t

exp-ik’t

O

exp-ikt




