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/ Inversion (through a point) \
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a crystal which has the inversion
symmetry is called cenfrosymmeftrical.
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/Reflec'rion (through a mirror plam
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/ Roto-inversion \
(around an axis and through a point)

Rotation followed by an inversion
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Proper rotations:det=+[: | 2 3 4 6

chirality preserving




Hermann-Mauguin symbolism (International Tables A)

-symmetry elements along primary, secondary and
ternary symmetry directions

rotations: by the axes of rotation
planes: by the normals to the planes

-symmetry elements in decreasing order of
symmetry (except for two cubic groups: 23 and m3)



Crystal systems and
Crystallographic point groups

Crystallographic Restrictions on cell {
Crystal system | point groupst parameters primary [secondary | ternary
Triclinic 1, ﬂ None NOHC
Monoclinic 2,m, 2 b-unique setting A , ,
e o = = 90° 010] (‘unique axis b')
c-unique setting 001] (“unique axis ¢’)
o = 3 — 900 R )
Orthorhombic 222, mm2, mmm | o = 3=y =90° [100] [010] [001]
Tetragonal 4.4 4 'm a=>b 001 7
422 . 4mm, 42m, a=0F=v=90° 01} { [100] } { [110] }

[4/mmm!

010

110




Crystal systems and
Crystallographic point groups

Restrictions on cell

Crystallographic .
Crystal system | polnt groups! | parameters primary secondary ternary
Trigonal 3,3 a=»b
32,3m, 3m a=f=90° ~v=120°
a=b=c
G = 3 — ’)/ ( 11N
(rhombohedral axes, [111] :1 1(-)
primitive cell) < (_)1 1:
(101
a=>b
a = =90° v = 120° [001] :100:
(hexagonal axes, 010!
triple obverse cell) 110!
Hexagonal 6, 6, ?6/m a=>b [001] 100 1 iO:
622, 6mm,62m, | @ =0 =90°~ = 120° 010 120]
6/mmm 110 210]
Cubic 23, m3 a=b=c [100] ([111] 110] [110]
432,43m, m3m| | a=[F=v=90° [010] 111] 011] [011]
001] (111 101] [101]




Trigonal 3 3 (N
—-—_ w =
3 3 Csi(56)
Point group 32 32 Ds
. International symbol _
System used in Schoenflies
this volume Short Full symbol 3m 3m Cay
T _ =2
Triclinic l l G 3m - D3y
I I Ci(S3) m
Jnin y I .
Monoclinic 2 2 C 2 Hexagonal 6 6 Ce
m m Cs(Cin) 6 6 Cip
2 6
2 = A
2/m m Con 6/m o Cen
Orthorhombic 222 222 D,(V) 622 622 Dy
mm?2 mm? Cyy Gmm 6mm Cev
199 - =
- - 62m 62m Dsy
mmm P D>y (Vy) 622
Tetragonal 4 4 Cs 6/mamm mmm Den
4 i Ss Cubic 23 23 T
4/m . C - 2=~
/ m . m3 -3 T
422 422 D, "
4mm 4mm Cay 432 432 0
2m 2m D>4(Vy)
4 l E 43m 43m Ty
4/mmm —p—— Dy, L s
m3m —3— Oy,
International Tables for Crystallography, Vol. A e




Symbol order HM symbols Cr)’StallograPhiC
Ci 11 point groups
Co 2 2, m, 1 1S
Cs 3 3
‘. \ 4 abstract groups
Ce =C3 X Co 6 3.6, 6
Dy =Co x Co 4 2/m, 222, mm2
D3 6 32, 3m
D, 8 422, 4mm, 42m
Dg = D3 x Co 12 3m, 622, 6mm, 62m
Doy, =Co9 X Co X Co 8 mmm
Ciph =Cyq x Co 8 4/m
Cen = Cq X Co 12 6/m
Dip =Dy x Co 16 4/mmm
Den, = Dg x Co 24 6/mmm
T 12 23
Trh=T x C 24 m3
O 24 432, 43m
O, =0 x Co 48 mam




Crystallographic point groups and
abstract groups

Cyclic groups
Abelian non-cyclic groups
Abstract

groups - Non-Abelian groups

Direct products of non-Abelian groups with
cyclic groups of order 2

Affine
Crystal equivalence Abstract

R
classes groups

32 |18




Direct-product groups

Let G| and G; are two groups.The set of all pairs {(g1,22),
g1€G|, 226Gy} forms a group G; ® Gy with respect to

the product: (g1,82) (8'1,.82)= (8181, 8282)-

The group G= G| ® G2 is called a direct-product group

Properties of G| ® G»

(i) Gl ® Gy > {(g1,e2), 81€GI}
G ® Gy D> {(eng2), 2€Ga}

(i) 181,62 81€G1} N y(q, o) 22eGi)= {(er,e2))
(ii)) V (81:8)€ G ® Ga: (21,22)= (g1,€2) (e1,22)

IIZ IR




Examples: Direct product groups

Point groupmm2 = {1,2,,myx,my}
Gi={1,2} G2={l,my}
G| ® G2= {1 .1, 221 ; 1 .mx, szxzmy}

Centro-symmetrical groups

G): rotational groups
G>={l,1}  group of inversion

G ® {I,}=G,+1.G,



Cyclic: 1(C)), 2(C2), 3(C3), 4(C4), 6(Ce)
Dihedral: 222(D3), 32(D3), 422(D4), 622(De)

Cubsic: 23 (T), 432 (O)




29 422
- '//. 4 fﬁh‘aﬂ‘—'
{e,25,2),24} {e,4,,47 2,,
)i 2,222}
N -«

37 622

=L ) o
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23 (T)

{e’ 2X’ 2)” 22’
31,31,32,32,33,33,34,34}

{e’ 2X’ 2)” 22’
4x,4x,4y,4y,4z,4Z
31,31,32,32,33,33,34,34
21,22,23,24,25,2¢}




Crystallographic Point Groups

G G+IG G(G) G+I(G-G)
| (C)) | 1+1.1=1 (C) e e
2 (C2) | 2+1.2=2/m (Can) 2(1) m (Cs)

3 (C3) | 3+1.3=3 (Csior Se)
4 (Cq) | 4+1.4=4/m (Caqn) 4(2) 4 (Sq)

6 (Co) | 6+1.6=6/m (Cen) 6(3) 6 (Can)




Crystallographic Point Groups

G G+I1G G(G) G+I(G-G)
222 (D7) | 222+1.222=2/m2/m2/m |222(2) 2mm (Ca)
i mmm (Don)

32 (D3)| 32+1.32=32/m3m(D3d) | 32(3) 3m (Csv)
422 (D4) | 422+1.422=4/m2/m2/m |422(4) 4mm (C4)
__________________________________________ Ammm(Dan) | 422(222) 42m (Dad)
622 (D¢) | 622+1.622=6/m2/m2/m | 622(6) 6mm (Csy)
6/mmm(Den) | 622(32) 62m (D3p)
23 (T) | 23+1.23=2/m3 m3 (Th) | - =ee-
432 (O) | 432+1.432=4/m32/m 432(23) 43m (Td)

m3m(Oh)



Crystallographic Point Groups

Groups isomorphic to 422

422 € 4Z 4; 22 2x 2y 2+2- \n N k . m/
4mm e 4,4, 2; mx my M+Mm. | |
42m S 4_2 4_; 22 2x 2)/ M+M. o ? b
4m2 | e 4.4 2, mm, 2.2 e

o VAR RN

Groups isomorphic to 622
622 e 6:6; 3:37 2, 212223 212223

6mm e §Z6__Z 3,3; 2, mimams3 mimam3
62m e 6,6; 3,37 m;y 212223 mimom3
6m?2 e 6,6; 3,35 my mimams3 212525




Problem 2.1 | /T\ /<)\

Te

4mm !

Consider the following three pairs of stereographic

DAY

projections. Each of them correspond to a crystallographic

point group isomorphic to 4mm:

K\ \[ \, /\612_\
AV IR CAYNY, C)
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(i) Determine those point groups by indicating their symbols,

symmetry operations and possible sets of generators;
(i) Construct the corresponding multiplication tables;

(iii) For each of the isomorphic point groups indicate the one-to-

one correspondence with the symmetry operations of

4dmm.



Problem 2.1 1 SOLUTION

Groups isomorphic to 4mm N §

4mm | e 4.4, 2, mxmy m+m.

4)? S 4z 4; 22 2x 2)' 2+2. T * B
42m | e 4,4, 2, 2.2, msm.
4m2 | e 4,4 2 mymy 2+2.

e
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422 42m 4m?2

1
T
a 11
| m, R
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.






Generation of point groups

Crystallographic groups are solvable groups

Composition series: | <] 7Z,<] Z3<] ..<| G
index 2 or 3

Set of generators of a group is a set of group
elements such that each element of the group can be
obtained as an ordered product of the generators

kn k>

W=(gn)" = (gnr) oo+ (@2) g

g| - identity
g2, 83, ... - generate the rest of elements



Example Generation of the group of the square

2,

42 Myx

Composition series: 1< 2 <] 4 <] 4mm
[2] [2] [2]

Step |:
I ={I}

Step 2:
2={1}+2,{l}

Step 3:
4 ={1,2} + 4, {l,2}

Step 4:
dmMmm =4 + my 4

1 2 447 'mymyemyme_

m

[I’Tl_

1 2 447 'mymyemym_
2 1474 mym_mgzmy
44712 1 mymym_m;,
U=t 4 1 2 m_mymym,l
mzmym_my 1 471 2 4
mym_mgzm, 4 1 471 2
mymzmim_ 2 4 1 471

[m_m+mymx4_1 2 4 1

Multiplication table of 4mm




432 (43m)

| 2 110

23
4/mmm —=------- 427 (4 mm
3111
2110

222 (mm?2) dm <------ 4 (4)

k /

2/m =<------- p) (m)
22
1= 1

42m)



Composition series of cubic point groups

and their subgroups

HM Symbol SchoeSy generators COmpos. series
1 C 1 1
1 C; 1,1 101
2 Co 1, 2 201
m C. 1, m m>1
2/m Cop, 1,2.1 2/me>2p1
222 D, 1, 2,, 2, 222> 21> 1
mm2 Cay 1, 2., m, mm2>201
mmim Dy, 1,2, 2.1 mmm > 2220 ...
4 C. 1,2.,4 40201
4 S 1,2,, 4 121
4/m Cup 1,2., 4,1 4/me4r ...
122@4 ........ 1121,2” .................. 1 22[>1[> ..........
dmnm Civ 1, 2;, 4, m, dmm40> ...
12m Doy , 2., 4, 2, 2me4r...
4 /mimm Dy 1,2,,4,2,1 4/mmm > 422> ...
23 T 1, 2, 2,. 3111 23> 222> ...
m3 Th 1, 2,, 2. 31111 m3e 230 ...
0 1,2, 2 30 200 1320285
13m T 4 1,2, 24, 3111, M7, Bme230...
mam Oy 1, 2,, 2y, 3111, 2110, 1 m3m>4320 ...




6/mmm =------- 622 (6mm ,62m)

|2110

3m <o 32 (3m) 6/m < 6 (6)
x /
3 = 3
3




Composition series of hexagonal point
groups and their subgroups

HM Symbol SchoeSy generators COMPOS. Series
l Cy l I
3 Ca 1,3 301
3 Se 1,3.1 331
..... 3 21)1132[[032[:)3[}1
3 C3y I, 3. my0 Ime 31
3Im D1y 1, 3. 2110. 1 Ime320 ...
6 Cs 1, 3. 2, 6301
6 Cap 1, 3, m. 6301
6/m Csh 1,2, 2,,1 6/mre60...

e 622 ....... Db ........ 1 3 27 .Z.l .u.) .......... 6 22 DG [> ..........
bmm Che 1, 3. 2,, mo bmmi>60...
62m Dsp 1, 3. m., 2119 2m>610>...

6 /mmm Des, 1,3. 2., 2110, 1 6/mmm > 6220 ...




Problem 2.13

Generate the symmetry operations of the
group 4/mmm following its composition
series.

Generate the symmetry operations of the
group 3m following its composition series.



