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Databases of Representations

character tables
multiplication tables

symmetrized products

wave-vector data

Brillouin zones
representation domains

parameter ranges

Representations of space and point groups

POINT 

Retrieval tools

BILBAO CRYSTALLOGRAPHIC SERVER



Database on 
Representations 
of Point Groups 

group-subgroup
relations

character tables
matrix representations
basis functions



Point-group DatabaseDirect (Kronecker) products
of representations



c-2 > a-2 + b-2

Brillouin Zone Database 
Crystallographic Approach 

Brillouin zones
Representation domain
Wave-vector symmetry

Reciprocal space groups Symmorphic space groups
IT unit cells
Asymmetric unit
Wyckoff positions



Example:

c-2 < a-2 + b-2 c-2 > a-2 + b-2

Brillouin zone Database
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PROCEDURE FOR THE 
CONSTRUCTION OF 

SPACE-GROUP 
REPRESENTATIONS



1. space-group information



2. k-vector information



Allowed (small) irreps of





 Induction procedure

induction matrix

subgroup irrep
matrix



 Calculate a set of coset representatives of the 
decomposition of the group P4mm with respect to the 
little group of the k-vectors Γ(000) and X, and construct 
the corresponding full space group irreps of P4mm

Consider the k-vectors Γ(000) and X (0½0) of the group P4mm

(i) Determine the little groups, the k-vector stars, 
the number and the dimensions of the little-group irreps, 
the number and the dimensions of the corresponding irreps 
of the group P4mm

(ii)

EXERCISES Problem 1.



General position

ITA space-
group data
(selection)



Brillouin Zone
Database

BilbaoCrystServer



Irreps of P4mm, Γ(000) and X(01/20)

Problem 1SOLUTION



And the little co-group of Γ(000)?



And for the point Γ(000)?



And for the point Γ(000)?



Induction matrix







 Calculate a set of coset representatives of the 
decomposition of the group P4bm with respect to the 
little group of the k-vectors Γ(000) and X, and construct 
the corresponding full space group irreps of P4bm

Consider the k-vectors Γ(000) and X (0½0) of the group P4bm

(i) Determine the little groups, the k-vector stars, 
the number and the dimensions of the little-group irreps, 
the number and the dimensions of the corresponding irreps 
of the group P4bm

(ii)

EXERCISES Problem 1.



General position





EXERCISES Problem 2

Consider a general k-vector of a space group 
G. Determine its little co-group, the k-vector 
star. How many arms has its star? How many 
full-group irreps will be induced and of what 
dimension? Write down the matrix of the full-
group irrep of a general k-vector of a 
translation. 



Problem 2SOLUTION

general k-vector k
irrep of T: Γk 
little co-group Gk ={1}
little group Gk= T
star of k, k*={kWi, Wi∈ G }
allowed irrep: Γk

induction procedure

(W,w)

(I,t)

qiqj

(Wj,wj)

(W,w)qj (W,w)qjqi-1 Mij



Problem 2SOLUTION

exp-iknt

exp-ikt

exp-ik’’t

exp-ik’t

k*={k, k’, k’’,..., kn}

...

...0
0Dk*(I,t)=



Computing Programs 
Representations of point and 

space groups
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Representations 
of space groups

Problem: REPRES

BILBAO CRYSTALLOGRAPHIC SERVER



link to 
Brillouin zone 

database

REPRES

k-vector
data 

Option 2

Option 1



k-vector data: option 1 REPRES



non-
conventional 
setting

arbitrary 
element

REPRES INPUT Options



REPRES: output Space-group data

G=T+(W2,w2)T+...+(Wn,wn)T

G=  (W1,w1),..., (Wk,wk)⟨ ⟩



REPRES: output 
k-vector and its star *k

Little group GX={(Wi,wi)|Wik=k+K, (Wi,wi)∈G}

Little group GX

Allowed (small)
irreps DX,1



REPRES: output 

G=GX+q2GX+...+qkGX

Coset decomposition

Full-group irreps: Characters

Physically-irreducible irreps

Σ D*X,i(W,w)ii

D*X,i ⊕ (D*X,i)*



REPRES: output 

D*X,i(W,w)mi,nj = M(W,w)m,nDX,i(Wk,wk)i,j

induction
matrix

small irrep
matrix

Full-group 
irrep 

G=GX+q2GX+...+qkGX

(Wk,wk)=(qm)-1(W,w)qn

Coset decomposition

Full-group irreps: Induction procedure



EXERCISES Problem 1

(a) Obtain the irreps for the space group P4mm 
for the k-vectors Γ(000) and X(01/20) using 
the program REPRES.

(b) Use the program REPRES for the derivation 
of the irreps of a general k-vector of the group 
P4mm. 



EXERCISES Problem 2

Obtain the irreps for the space group P4bm for 
the k-vectors Γ(000) and X(01/20) using the 
program REPRES. 



SUBDUCED SPACE-GROUP
REPRESENTATIONS



Subduction

SUBDUCED space-group
representations 

Problem:

group G
{e, g2, g3, ..., gi,... ,gn}

subgroup H<G
{e, h2, h3, ...,hm}

D(G): irrep of G
{D(e), D(g2), D(g3),..., D(gi),... ,D(gn)}

subduced rep of H<G
{D(e), D(h2), D(h3), ...,D(hm)}

irreps 
of H 

{D(G)  H}:

{D(G)  H}
S-1{D(G) H}S

miDi(H)



ηk,i(gk’) =  ∑mj ηk’(gk’)j

Subduction of little group irreps 

Correlations between characters

Compatibility relations of small 
(allowed) representations of 
little groups of a space group G

Problem:

k, Gk, Dk,i

k’, Gk’,Dk’,j
such that k’=k+δ

Dk,i(Gk)  Gk’      mj Dk’j(Gk’)

gk’∈Gk’

in the limit δ      0

Space group G

j



EXAMPLE
BILBAO CRYSTALLOGRAPHIC SERVER

P4/mmm



� � XElectronic energy bands of Ge, Fd-3m (227)EXAMPLE



Subduction

Correlations between
representations 
of space groups

Problem:

CORREL

group G
{e, g2, g3, ..., gi,... ,gn}

subgroup H<G
{e, h2, h3, ...,hm}

D(G): irrep of G
{D(e), D(g2), D(g3),..., D(gi),... ,D(gn)}

subduced rep of H<G
{D(e), D(h2), D(h3), ...,D(hm)}

irreps 
of H 

{D(G)  H}:

{D(G)  H}
S-1{D(G) H}S

miDi(H)



Correlations between representations 
of space groups

D*k  ,i(G) H ~ mjD*k  ,j(H)HG 

*kG H = ∑(*kG|*kH)*kH
*kH

η*k  ,i(G) =G  ∑(*kG,i|*kH,j ) η*kH ,  (H)j
p 

*kHj

Subduction of space group irreps

Step 1.Correlations between wave vectors

Step 2. Correlations between characters



DATA ITA1:

group G {e, g2, g3, ..., gi,...,gn-1, gn}

subgroup H<G {e, h2, h3, ...,hm}

{e,.....,g3 ,..., gi,........., gn}subgroup H<G
non-conventional

(P,p)

(P,p)Transformation matrix:

Maximal Subgroups



INPUT data

group G

subgroup H

k-vector
data 

transformation 
matrix

Correlations between
representations 
of space groups

Problem:

CORREL

BILBAO CRYSTALLOGRAPHIC SERVER



CORREL: OUTPUT data

*k-vector splitting

*kG = *kH,1 + *kH,2 +...+ *kH,k

*kG - vector data



CORREL: OUTPUT data

{D(G) H} miDi(H)

Correlations between representations 



DIRECT-PRODUCT
 SPACE-GROUP

REPRESENTATIONS



Direct product of
representations 
of space groups

Problem:
DIRPRO

D1(G): irrep of G
{D1(e), D1(g2),... ,D1(gn)}

D2(G): irrep of G
{D2(e), D2(g2),... ,D2(gn)}

Reduction

irreps 
of G 

miDi(G)

D1 x D2D1 x D2

D1 x D2 {D1(e)          x D2(e) D1(gi)          x D2(gi),..., ,...}=

Direct-product representation



Direct product of representations 
of space groups

D*k  ,i(G) mjD*k,p(G)1 

*k1  = ∑(*k1*k2|*k)*k
*k

η*k  ,i1(G) η*k  ,i2(G) =1

*k

Direct product of space group irreps

Step 1. Selection rules of wave-vectors stars

Step 2. Decomposition of direct product

D*k  ,j  ~x 2

*k2x

 ∑(*k1,i1*k2,i2|*k,p) η*k , p(G)2



EXERCISES Problem 4

Consider the space group P4/mmm (No. 123) 
and its k-vectors X(0 1/2 0) and DT(0 0.27 0). 
Determine the wave-vector selection rules for 
the product 

*DT(0 0.27 0) *X(0 1/2 0).x



BILBAO CRYSTALLOGRAPHIC SERVER

KVEC  database 



*DT(0 0.27 0) *X(0 1/2 0)x

 ∑(*k1*k2|*k)*k
*k

Problem 4 SOLUTION



group G

k-vector
data 

INPUT data

Direct product of
representations 
of space groups

Problem:
DIRPRO

BILBAO CRYSTALLOGRAPHIC SERVER



DIRPRO: OUTPUT data

Space-group data

G=  (W1,w1),..., (Wk,wk)

G=T+(W2,w2)T+...+(Wn,wn)T

⟨ ⟩



DIRPRO: output k-vector and its star *k

Little group GX={(Wi,wi)|Wik=k+K, (Wi,wi) G}

Little group GDT

Allowed (small)
irreps DDT,1



DIRPRO: output 

*k-vector splitting

= *k1 + *k2 +...+ *kk

Reduction of the direct product 

x*k1 *k2

miDi(G)

D1(G) x D2(G)


