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1. Interaction of X-rays with crystalline
matter

different structural methods

by ideology: by type of particles:

- Microscopy - photon (optical, X-rays...)
- Spectroscopy - electron

- Diffractometry - neutron

- - proton, ion, muon...



Waves and particles
B
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Self-propagation
in time and space

As wave As particles

frequency v = % energy E = hv

wavelength A momentum p = % = ;

velocity ¢ de Broglie wavelength
r =N
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Energy wavelength dependence

For electrons and neutrons
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For photons (X-rays)
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Diffraction: Scattering of light (radiation) or particles by an
object. We are interested in diffraction caused by periodic
objects such as an optical (diffraction) grating and crystals.
Crystal behaves as a molecular-scale diffraction grating when
exposed to an X-ray beam

The diffraction can be explained as interference of large
(continual) number of scattered beams (rays)

Optical grating (1D) & Object Crystal (3D)
a series of dark stripes & grating pattern - periodic array of atoms
visible < light 5 X-rays
slits & secondary light sources - atom
a series of bright lines & result - 3D pattern of spots (reflections)

~107®m & wavelength used > ~1071%m



How to obtain X-rays

Ke X - rays 3s

As with any vacuum tube, there is a cathode, which
emits electrons into the vacuum and an anode to
collect the electrons, thus establishing a flow of
electrical current, known as the beam, through the
tube. A high voltage power source, for example 30 to
150 kilovolts (kV), is connected across cathode and
anode to accelerate the electrons. The X-ray
spectrum depends on the anode material and the
accelerating voltage
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1.54059 A 2p - 1s
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Spectrum from a X-ray tube

* Characteristic K-lines
Depend on the type of atoms
* Bremsstrahlung (braking radiation)

Depends on the high voltage used
__hc 12398 pm

Apin = — =&
mn ey VinkV

Advantages of X-ray tube: relatively
compact (but usually requires a
circulating cooling water system) and
cheap (5-10k S; lifetime 1-2 yrs).

Disadvantages: fixed A; limited power
of radiation.



Synchrothron radiation

It is generated by ultrarelativistic charged particles moving
with acceleration through magnetic field

Pluses:

1. Broad Spectrum (which covers from microwaves to hard X-

rays): the users can select the wavelength required for their
experiment.

2. High Flux: high intensity photon beam allows rapid
experiments or use of weakly scattering crystals.

3. High Brilliance: highly collimated photon beam generated
by a small divergence and small size source (spatial
coherence)

4. Polarization: both linear and circular

5. Pulsed Time Structure: pulsed length down to tens of
picoseconds allows the resolution of process on the same
time scale.

Minuses:

We need a synchrothron. Very big and expensive. There are
about 40-50 synchrotrons in the World.

Undulator



Diffraction — result of the interference

Constructive VA — W
AVaAVA

interference Incident

2 slits
Destructive AVAVA 3 slits
interference VavayV 4 slits
5 slits
6 slits
7 slits
8 slits
many
slits




Bragg's Law
2d sinf = A

or 2d sin@ = nA

A is the wavelength of the X-rays;

d is the distance between crystal
lattice planes;

O is the Bragg angle, that is the

angle between th? incident If we know A and 6, we can find d
beam and the lattice planes
(sometimes 20 is also called the

Bragg angle).

Na crystal



2. Fourier transtorms and convolutions

Periodic function f(t) = f(t + T)

i2mnt
Fourier series f(t) = + Yine1 lan cos (ZnT t) + b, sin (@)] =Y Cp.€ T
to+T to+T
2 2nnt 2 - (2mnt

an=7j f(t) cos T dt, bn=Tj f(t) sin T dt
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Arbitrary function -> continuous spectrum



Fourier transform

Definition
FO) = FTIF©) = | fe
f(t) =FT[F(v)] = JrooF(v)e‘Z”indt

time - frequency

F(k) = FT[f(x)] = Jroof(X)e_Z”"kxdx

— 00

f(x) =FT[F(k)] = JrooF(k)e‘Z””‘xdx

space coordinate — wavenumber

in N-dimensional vector space

F(k) = FTIf®] = [2 [2 . [2 f(R)e 2™k XNy



Dirac delta function

(') B
Definition 6(x) = {O%fci% , f_oo S(x)dx =1 N
2 ’ 5t
lim Lo
(5ogx)—é1_r)1(1)aﬁe J
[ rs6 - @ax = r@ o
o 1
Example 1 1t
F(k) =FT[6(x)] = j 5(x) e 2mkxgy =1 0 N
o 2 o0 1 2
F(O = FTI0G - )] = | 8(x - @) e™2mkdx = e~2mike

(00]

f(x) — FT[e—Znika] — j e —2mika o —2mikx 4, — 5(x —a)
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Properties of Fourier transform

* Linearity

If F(k), G(k) and H(k) are FT of f(x), g(x) and h(x)
and f(x) = ag(x) + bh(x), a,b € C, then

F(k) =aG(k) + bH(k)

Example 2

1. . .
f(x) =cosax = 5 [elax + e‘lax]

1 . .
F(k) =FT|f(x)] =5 [FT(e‘ax) + FT(e™')| =

2[5(k+2n)+5(k—%)]



* Translation (shift property)

If F(k) and G(k) are FT of f(x) and g(x) and
f(x) =g(x —a),a€R,then

F(k) = et?™ak G (k)

The information regarding the shift of a function

f(x) is contained in the phase of the Fourier
Transform

 Modulation (a consequence of the translation
property)

If f(x) = e®?™% g(x), then

F(k) =Gk —a)



* Scaling

f £(x) = g(ax), then F(k) = FLG (%)
fa=-1,i.e. f(x) = g(—x), then
F(k) = G(—k) (time-reversal property)
* Parity property

Even function

f(x) = f(—=x), then F(k) = F(—k)
Odd function

f(x) =—=f(—x), then F(k) = —F(—k)

The Fourier transform preserves the parity




Example 3 FT of rectangular function
0if |x| > 1/2
rect(x) = { 1if |x| <1/2

1/2 if |x| = 1/2

FT[rect(x/b)] = F(k)

o —i2mk b/2  —iz2mkx 3, —
=[_ rect(x/b)e LemkX gy = fb/z LTRX dx =
i2rkb i2rtkb
= fz e L2TkX g (— lanx)———(e 2 —e 2 )
l27'[k 121
sin kb

kb



Fourier transform of periodic functions

Example 4

i2mnx

fx)=f(x+T) f(x) = Xn=—wCpn.€ T

1 T/2 _.27tnx
en =7 1, f) e T dx

00

FT[f ()] = F(k) = z cn.S(k+¥)

n=—oo

Dirac comb



Convolution
Definition ~
FO® 9 = [ F0gl - y)dy
() ® g(x) = g(x) ® f(x) (commutativity)

Example 5

f(x) X 5(22 — xo)
. f F3)8(x — xo —y)dy = f(x — xo)



Convolution theorem

FTlg(x) ® f(x)] = G(k). F (k)
FTlg(x). f(x)] = G(k) ® F (k)

Example 6
f(x) =cosax , g(x) =rect(x/b) , h(x) = f(x).g(x), FT[h(x)] =?

FT[h(x)] = FT[f (x).g(x)] = F(k) ® G (k)
F(k) = %[5 (k + %) + 6 (k — %)] (see example 2)

G(k)=Db Siz::b (see example 3)
F(k) @ G(k) = l[5(1«+%)+5(k—%)]<§§)10517r;:;fb:
[ o5 o (- ) et )

‘_°°b sinth (k—ﬁ) sinmb (k+2 )
2| b (k- ) T b (k + )




3. Crystallographic calculations 1n
reciprocal space

(u,0,0) (O,v,0) (0,0,w) U =ud, ¥ =vb,w=wé
n 1 {uvw} thenn=WU—-v) X (V—W) =
= UXV+UXW +WXU=

= vwb X C+wuc Xa+uvd Xb
#=0P,P € {uvw} # = xd + yb + zC

then nGF-uw)=0 n7r=

vwx(l_; X ¢).d +wuy(¢ X d).b + uvz(d x 1_5) ¢ =
uvw(ExE).&

pd
v

a.(



x| bx¢c _)_I_y cxXd T z axb 4
== G+2|—2
uld. (b xé) v|d.(b x c)
P bx¢ B — cxad i axb
. (bxé) — a(bxé) — a(bxé)
basic vectors of primitive reciprocal lattice
d.a’ =1 i.b*=0  d.c' =0
b.a*=0  bb'=1 bc*=0 ora.a°=4;
c.a* =0 c.b* =0 c.c* =1 Kronecker delta
h=1/u,k=1/v,l=1/w
(xd). (ha ) + (yb). (kb*) + (zd). (la%) =
or

hx + ky + [z = 1 the equation of the plane {uvw}
Let define rhkl* = h? + kﬁ + l?



Check that 1y, * | (or L {uvw})
Thit™ (U — V) = (h? + kb* + l?). (uc'i — vI;) =

Thi™- (U — W) = (h? + kb* + l?). (ua — wc) =

Let dpyr = D|Thid”|

As Thkl*' (77') — prhkl*) =0

{uvw} or {hkl}

2
Pl = Thki*-r =1

then dhkl =

|7 hit|

Therefore, if we know the lattice (51, b, 5) and
the diffracting family of planes {uvw} (or
their Miller index {hk/}) we can find reciprocal

lattice (a*, b*, c*) and corresponding d ;.

Then from the Bragg’s equation 04 can be
found.



Alternative route to find the reciprocal
lattice vectors

a* a
| @ b d=M|p|- @G b &
P ¢

QU QU &
QL QI Q



Reciprocal lattice of primitive cubic lattice
d=(a00b=(0a0)é=(0,0a)

a? 0 0 1 0 0
G=<o a2 o)=a2.<0 1 0)
0 0 a? 0O 0 1

1 /1 0 0
G_1=—2<010
“\o 0 1

a* = (1/a,0,0) b* = (0,1/a,0) ¢* = (0,0,1/a)

It is also primitive cubic



Reciprocal lattice of face-centered cubic lattice

d=(0a/2,a/2)b=(a/2,0a/2)¢=(a/2, a/2,0)

a’/2 a*/4 a*/4 /2 11
G=|a%/4 a%/2 a?%/4 =“T.<1 2 1)
a’/4 a*/4 a®/2 1 1 2

1 3 -1 -1
G-1 =4_Cl2<_1 3 —1

-1 -1 3

— 1 —_—

¢ =—(-11,1) b'=—-01,-1,1) ¢ =—(11-1)

It is body-centered cubic |



Reciprocal lattice of body-centered cubic lattice

(—a/2,a/2,a/2)
(a/2,—a/2,a/2)

a
b
c=(a/2,a/2,—a/2)

Loy s [@ a a 3
(@xb).¢ = li(_l’l’l) x = (1, -1,1) Z1L,-1) =
a3

3
— % (2,2)0).(1,1,—1) = — =V The volume of the primitive cell

a a
- a3/2 ~ a3/s

0,2,2) = %(0,1,1)
1
b* = =(1,0,1)

a

—

1
c*=-—(1,1,0)
a

It is face-centered cubic !



Diffraction on a crystal lattice

k _ Fraunhofer approximation |p| < |§|
///\ o . \ \ kl
e ® . \ — - \

. . e d 4 1
Elastic scattering v = v’, |k| = |k’| =

Pmnp = md +nb + pé; mn,p € [0, M]

Incident plane wave Ej;,, = Eoe"zn(ﬁ'ﬁ_"t)
Scattered spherical wave (in the Fraunhofer approximation nearly plane wave)
Escat(ﬁ) — CE(ﬁ)eiZTCR’T/r — CEOeiZTCR.ﬁeiZTC(kT—vt)/T

712 = |R — ﬁ|2 = R? + p? — 2Rp cos(R, B)
7| =r = \/RZ + p%2 — 2Rp cos(}_?), p)~R [1 - %cos(ﬁ, ,5)] =R-—p Cos(ﬁ, p)
Escat(ﬁ) _ CEOeiZnEﬁe—iZm/tei21the—i21tkp cos(ﬁ,ﬁ)/r

kp cos(ﬁ, 8) ~ k'p cos (E’), ﬁ) = E’)ﬁ Ak =k —k

CEOe—iZm/te i27rkRei27T%.ﬁe —i2nﬁ.ﬁ

R

Escat(ﬁ) = = const(t)e 2mokp



After summation over all points of the lattice

mmn,p
If all exponents are 1, the summ will be ~M?3

It is possible if Ak. Pmnp € N; forall m,n,p
If Ak is a vector from the reciprocal lattice, i.e.
Ak = ha* + kb* + Ic*

Ak. ﬁmnp =hm+ kn+Ilp € N Itis equivalent to 3
equations — the Laue equations

i.Ak=h bAk=k  CAk=1I



4. Diffraction symmetry: Laue classes,
Friedel’s law, resonant scattering



5. Integral, zonal and serial reflection
conditions and their use to determine
the space group type. Special reflection
conditions



6. Structure solution and refinement:
introductory strategies



