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Point groups and morphological symmetry. 
Introduction to the stereographic projection
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Some exercises in E2 
the two-dimensional Euclidean space
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Exercise: find the symmetry elements, the symmetry 
operations and the symmetry group of a square

m
[10]

m
[11]

m
[01]

m
[11]

a

b

Symmetry elements:

Symmetry operations:

4, m
[10]

, m
[01]

, m
[11]

, m
[11]

41, 42=2, 43=4-1, 44=1, m
[10]

, m
[01]

, m
[11]

, m
[11]

Check that the above symmetry operations do form a group

● The identity is included (and obtained as 44 or m2)
● The inverse of each operation is included (1-1=1; m-1=m; 

2-1=2, 4-1=43)
● For the binary operation and the associativity, build the 

multiplication table

1

2

4

3
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Multiplication table of the symmetry operations of a square

m
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m
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m
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m
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m
[11]

m
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         1       41      2      m

[11]
  m

[11]
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[11]
  m
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  m
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   1        2      41      43

           
  m

[11]
  m

[10]   
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  m

[10]
  m

[11] 
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  m
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m
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  m

[10]
    41       43    2        1
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S G

Subgroups, cosets and complexes

A subgroup H of a group G is a subset of the 
elements of G with the same binary operation 
and with the same properties as G (associativity, 
presence of identity and inverse of each element).

m
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m
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m
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Group G Subgroup H
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S GC3H

C2

C1

C4

Subgroups, cosets and complexes

A subgroup H of a group G is a subset of the 
elements of G with the same binary operation 
and with the same properties as G (associativity, 
presence of identity and inverse of each element).
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Group G Subgroup H Coset C
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Lattice planes and Miller indices



  _____________________________________
Massimo Nespolo – Stereographic projection

MaThCryst School Bulgaria 2013

Planes passing through lattice nodes are called “rational planes”

a

c

b

p-th node
q-th node

r-th node
Parametric equation of the plane:
x/p + y/q + z/r = 1

(qr)x + (pr)y + (pq)z = pqr

hx + ky + lz = m

First plane of the family (hkl) for m = 1
hx + ky + lz = 1

Intercepts of the first plane of the family 
(hkl) on the axes
p = pqr/qr = m/qr = 1/h
q = pqr/pr = m/pr = 1/k
r = pqr/pq = m/pq = 1/l

Making m variable, we obtain a family 
of lattice planes, (hkl), where h, k and l 
are called the Miller indices.
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Example: family (112) in a primitive lattice

a

c

b

1/1
1/1

Intercepts of the first plane 
of the family:
on a: 1/1
on b: 1/1
on c: 1/2

1/1
1/2

Intercepts of the second 
plane of the family:
on a: 2/1
on b: 2/1
on c: 2/2
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Example: family (326) in a primitive lattice

a

c

b1/3 1/2

Intercepts of the first plane 
of the family:
on a: 1/3
on b: 1/2
on c: 1/6

1/6

Intercepts of the sixth plane 
of the family:
on a: 6/3
on b: 6/2
on c: 6/6



  _____________________________________
Massimo Nespolo – Stereographic projection

MaThCryst School Bulgaria 2013

Miller indices for a primitive lattice are coprime integers

a

c

b
1/2 1/2

Intercepts of the first plane 
of a hypothetic family (222):
on a: 1/2
on b: 1/2
on c: 1/2 1/2

The first rational plane of 
this family has intercepts:
on a: 1/1
on b: 1/1
on c: 1/1

This plane does not pass 
through any lattice node – it 
is an irrational plane

In a primitive lattice, the Miller indices of a family of lattice planes are 
coprime integers:  (111)
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Miller indices for different types of lattice : (h00) in oP and oC (projection on ab)

oP

First plane of the familyIntersection a/1

h = 1
family (100)

First plane of the familyIntersection a/½
h = 2

family (200)

oC

In morphology, we do not see the lattice and thus the Miller indices of a 
faceface are usually coprime integers
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Form {100}: the cube

Form {111}: the octahedron

Multiplicity 6

Multiplicity 8

c

a b

The concept of form: set of faces equivalent by symmetry

c

a b

Example in the cubic crystal system
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zone [001]

Zone: set of faces whose intersection is parallel to a same direction, called the zone axis: 

c

a b

zone [010] zone [100]

Example in the cubic crystal system
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The stereographic projection: how to 
get rid of accidental morphological 

features of a crystal
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Spherical projection and spherical poles
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Building the stereographic projection: from the spherical poles (P) to the stereographic poles (p, p') 
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P
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p'
p
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{001} {111} {110}

OctahedronCube Dodecahedron

a

b

c

a b

c

a

b

a

b

a

b

a

b

a b

c

Example of decomposition of the morphology of a crystal
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