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MATRIX CALCULUS

IN
CRYSTALLOGRAPHY

(BRIEF REVISION)

Some of the slides are taken from the presentation “Introduction to Matrix Algebra”
of M. Rademeyer given at the School on Fundamental Crystallography,
Bloemfontein, South Africa, 2010
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What is a ?

Definition:
» A rectangular array of humbers
» IN  rOWS
« and columns
» is called an matrix A

Use boldface italics upper case letters to indicate
matrix, e.g. A, B, W.

An item Iin a matrix is
called an or
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Square Matrix:
An (n x n) matrix
# rows = # columns

Column Matrix:
An (m x 1) matrix
Row index changes

Row Matrix:
A (I Xn) matrix
Column index changes

Index 1 is often omitted for column and row matrices.
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Transposed Matrix A*

Let A be a (Im x n) matrix

The (n x m) matrix obtained from

A= (A,) by and
IS called the transposed

matrix AT

Reminder: NEERS




Example 1:

Given that

determine A"
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Symmetric Matrix

A sguare matrix is symmetric if A* = A
l.e. If A, = A, for any pair IK.

Symmetric with respect to
- Jop left to bottom right




Aii=0, i=| ,2,3
as Aik=-Axi
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EXERCISES Problems

|. Construct the transposed matrix of the (3x1)
row matrix:

| | 3| 4

2. Determine which of the following matrices are
symmetric and which are skew-symmetric:

1310 134 |2 |- 102 0
A 0|2 B'-4| C_-I | D'-zo E'|
0|1 (-2 3 | 2 0
F= (3) G=|-1]0]3 H=|2] IE
2 1-3]0 1 | o 0

miércoles, 25 de septiembre de 13



Matrix Calculations

Multiplication with' a number (scalar product):

An (m X n) matrix A IS multiplied with a
number A by multiplying each element with A:

}1....“111 }1....“112 P )\...“1]_;—,!
}1....“121 )\....“122 50 5 /\...“13;—,!

| ..'."Iil'lr]q_]_ ..'.'ilﬂr;!_i:'f - _{"117-].-1-].-1 | A.i'lil-lr-ﬁ_l A.iil-]-ﬂ_g . o }Liq.-]-ﬂ_ﬂ_ .
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Example 2:

Given that

determine 3A




Matrix addition and subtraction:

Let A, and B;, be general elements of matrices A and B.

A and B must be of the same size (I.e. same number ofi Fows
and columns). Then the sum and the difference A + B s:

A]_]_ A]_E ‘e Alﬂ B]_]_ B]_E ‘. a Blﬂ,
AE]_ AEE ‘e Ajﬂ BE]_ BEE . e oa Bjn

Aml Amﬂ voe Amn Bml Bm? O Bmﬂ

All T Bll f—llg - Blg “oa Aln -
C Bgl }122 T ng R Agﬂ -

- Ll Amﬂ - £ A'.'rﬂﬂ. -

Element C;, of CIs equal to the sum or difference of the
elements A, and B;, off A and B for any pair I,k:
Ciy = Ay = By
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EXERCISES Problems

|. Find 3A-2B, where
| | 2 | | 3

A=3T0 1] B0 14

2. Show that the sum of any matrix and its
transpose IS a symmetric matrix, I.e.

(A+AT)T=A+AT

3. Show that the difference of any matrix and its
transpose is a skew-symmetric matrix, i.e.

(A-A')'=-(A-AT)
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Matrix multiplication

The multiplication ofi two matrices Is only defined

when:

- the number n., Of columns of the left matrix Is the
Same as

- the number of m,;.,, Of rows on the right matrix

- NO restriction on M., Or rows of the left matrix

- NO restriction on N,y OF rows of the right matrix

# columns ofi left matrix = # rows ofi Fight maitrix
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Multiplication
Product of two matrices A and B:

The matrix product C = AB or

Clk

1
= P

IS defined by Cir =Ai1 Bix+AiaBop +...+ A Bjr +... 4+ Ai, Bk
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Examples: Matrix Multiplication

)l

C'=D), i. e. matrix multiplication is not always commutative.

However, it is associative, e.q., (AB)D = A(B D)
and distributive. i.e. (A + B)C=AC+ BC
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Example S5:

Given that

1 2 0
A=IQ3

2 1 0

and C = AB.
Determine C.

Determine D=BA, check if C=D or not.




EXERCISES Problems

|. Find the products AB and BA, if they exist, where

| | 2 3 1-21]2

B=

3| -4 | | O | -1

A=

2. Find the matrix

vector A=

2

3

products AB and BA of the row
,and the column vector B=| -

3. Prove that A(BC)=(AB)C where

A=

B=

C= |32
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Trace ofi a Matrix

The trace of a (n x n) square matrix A Is the
of the elements on the main diagonal.

II(A)Z A1 +A0m+ ..+ A
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Determinants

The determinant det(A) or |A| of A can be
calculated for any (n x n) sguare matrix.
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Determinants

(3 x 3) matrix
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Example 6:

Given that

|

Determine det(A).
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EXERCISES Problems

|. Find the values of the traces and the determinants
of A and B where

A—IZ B=042

13 4 -2|-1
50113

2. Show that det(AB)=det(A)det(B) where

A= 312 ="l

5 (1 219

3. Show that det(A)= det(AT) where

11 ]3

A= LTH 1S

3(2]3
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Inverse of a Matrix

A matrix € which fulfills the condition CA = I

for a sguare matrix A, Is the inverse matrix A+
of A, i.e. AALl=1I.

A exists i and only it det(A) = 0.

Not all matrices have an inverse matrix.

Assume that A exists. If CA= I then AC=1I
also holds.

A matrix is called orthogonal if A-'=A',i.e. AAT=ATA=I
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EXAMPLE

Inverse of a matrix A:

1|23
Find the inverse, if it exists of A, where A=|1|3]|5
(i) det A=3, det A+0 SRA L
(i) (AN (13)D"B= 11173
. 213 T
n=det[{[3]s|=detf— =1l
[|5]12

(iii) (A")12: (1/3)(-1)*2By,= -9/3

11]-9]( I

A'=1/3[7]°|2] |s it correct?
2 -3 1
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EXERCISES Problems

|. Determine the inverses of the following matrices:

d]lo]o0 ol-1]o0 oo
A=[o.10 B=| lo0lo0 C=[11o]o0
oo 0|o]-I o110
1 |-1]0 1| of 1|1
D= 110 E=[ ], F=[ 1ol
oo L1 ] - 111]0
. 11210 .
2. Given that A= [ T,1; |, determine A-' .
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EXERCISES

Given that

A=

SOLUTION

A=

Problems

5|, determine A-' .

1/5

2/5

2/5

-1/5

/15

1/3

2/15
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Example:

Mirror symmetry operation

drawing: M.M. Julian

Foundations of Crystallography

(OTaylor & Francis, 2008

Xf

Yf

My

Xf

Yf

Mirror line my at 0,y

T,y
0,1 My
4
X,
‘1)0 y
v
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~ e ey

(%,y2) (%.%:2)

x = Fi(x,y,z)

Wi+ Wipy+Wizsz+w;
Woirx + Waay + Waz 2z + wo
W31 o+ Waay + Wiz 2z +ws

N @y
|
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Wixe+Wipy+ Wizz+
Waorx + Waoay + Waz 2 -
W31z + Waay + Was 2

|

WiiWiaWis\ [z
= | WarWaaWos | | y | +
W31W32W33/) \ 2
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Matrix-column presentation of

Isometries
fif W11W12W13 L (V0N
y| = | WorWoaWas | |y | + | w2
Z W31W32W33 yA W3
linear/matrix translation
part column part

r=(W,w)x or z={W|w}zx

matrix-column Seitz symbol
pair
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EXERCISES Problem

Referred to an ‘orthorhombic’ coordinate system (a#b+#c;

x=[(=y=90) two symmetry operations are represented by the
foIIowmg matrix-column pairs:

- 0 - /2
(W 1, W] )_ | 0 (Wz,Wz) = | 0
-1 0 -1 {] 1/2
Determine the |mages Xiof a Can you guess What is the
point X under the symmetry geometric ‘nature’ of (Wi,w))?

operations (W;,wi) where And of (Wa,w2)?

0,70
X= 03I Hint:
0,95 A drawing could be rather helpful
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EXERCISES Problem

Characterization of the symmetry operations:

det | =7 tr | =7

What are the fixed points of (W ,wi) and (W2,w2) ?

-1 1/2 Xf Xf
I 0 Yf — N4i
AP 7
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Combination of isometries




EXERCISES Problem

Consider the matrix-column pairs of the two symmetry operations:

0 -1 0 | 112
(Wi,wD)={ |1 ]o 0 (W2,w2)= | 0
| o 1|1

Determine and compare the matrix-column pairs of the combined
symmetry operations:

(W,w)=(W,w1)(W2,w2)
(W,w)'=(W2,w2)(Wi,w)

combination of isometries:
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Inverse isometries

% (Ww)

°® — 0o X
~
X (Co=(Ww)"

I = 3x3 identity matrix
(C,c)(Wiw) = (l,0) 0 = zero translation column

(C,c)(W.w) = (CW, Cw+c)

—-Cw—-W w
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EXERCISES Problem

Determine the inverse symmetry operations (Wi,wi)"! and
(W2,w2)"! where

0 -1 0 | 112
(Wiwi)=t [1]o 0 (W2,w2)= | 0
([ o [ 112

Determine the inverse symmetry operation (VWV,w)!

(Wow)=(Wi,w1)(Wa,w2)

inverse of isometries:
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EXERCISES

Problem

Consider the matrix-column pairs

010 1/2 010 0
4,0) = (loo) | (1/2) and (B, ) = (001) | (o)
001 1/2 100 0

(i) What is the matrix—column pair resulting from
(B, b)(A, a)=(C,c),and (A, a) (B, b) = (D,d) ?
(ii) What is (4,a)~ %, (B,b)" %, (C,¢) ' and (D,d)~* ?
(iii) What is (B,b)" ' (A4, a)™ ! ?
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