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Tensorial quantities
Functional relationship between two vectorial physical quantities, X and Y, in a crystal with

crystallographic reference basis (metric matrix G) and Cartesian reference basis (metric matrix I).

Each of the three Cartesian components Y; of Y is expanded as a function of all three Cartesian

components X, X,, X3 of X:

s [ OY | oY 3 3
Yi:YO’i—i_hz}[leo Xh+521: h’k(@( 0’5{ JO Xth‘|‘.... - YO,i + hél YihXh + % h,k Yithth + ... (1)

h h k

Constant part of the Y(X) dependence: 3 quantities Y, ;; linear part: 9 coefficients yj;

quadratic part: 27 coefficients yiy; term of n-th order in the Taylor expansion: 3""' coefficients .
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How are all these coefficients transformed, when the orthonormal reference basis E 1s changed

into another one E' ?

T is the orthogonal (T"'=T) transformation matrix relating the two Cartesian bases:

E'=TE, X'=TX, Y'-=TY,
: 3
Y, =TY,, Yoi= hgl TinY op- (2)

¢ A vector whose 3 components follow the above transformation rule is a tensor of first rank.
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The nine coefficients yj, are considered to be components of a 3x3 square matrixy: Y = yX.

By substituting Y = T"'Y'and X = T"'X":
' m ' ' 3
Y'=(TyT)X, V'ih = % - T Thi Yia- (3)

¢ An entity represented by 9 components y;, with respect to a given Cartesian basis, which obey

the above law of transformation, is defined to be a tensor of second rank.

Transformation properties of the three-indices coefficients y;, in the Taylor expansion:

3
Vink = X Lpg TiThp Tkq Yipq - (4)

bl il

¢ An entity represented by 27 quantities y;x as components with respect to a given Cartesian

basis, which obey the above transformation law, is a third rank tensor.
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¢ In a general way, a tensor of rank n is defined as a set of 3" coefficients with n subscripts,

associated with a given Cartesian basis, which transform according to the formula:
\ 3
Y'inkl = %p,q,r,s TipThg Tir Tise - Ypqrs » (5)

where T is the matrix relating the new basis to the old one.

The general rule (5) is equivalent to rule (2) multiplied by n times —

a tensor of rank n transforms in the same way as a product of n coordinates (or vector

components).

e Any set of 3" coefficients with n subscripts does not necessarily obeys the tensor

transformation rule, and so need not represent a tensor of rank n.

E.g., the 3> components of the transformation matrix T, or those of the orthonormalization
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matrix M relating the Cartesian to the lattice basis are not components of second-rank tensors.

e A tensor as such is an entity independent of the reference basis (just as a vector); its
components, instead, are transformed when the basis changes.

e Tensors of rank higher than two could be represented by matrices with more than two

dimensions, but this is usually avoided for simplicity and the matrix formalism is limited to

tensors of first and second rank.

e In tensor calculus the Einstein convention is often adopted, according to which summation
symbols are omitted and understood.

¢ Tensors can represent a physical property relating not only vectors, but also other tensors.

The coefficients expressing a linear dependence between vector components and second rank

tensor components are components of a third-rank tensor:
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3 3
Yii= X LijhVh, OF Vi= %h,k JihkYhk - (6)

A linear dependence between two second-rank tensors is represented by the components of a

fourth-rank tensor:
3
Vij = % hk tihkZn - (7)

General rule:
the coefficients of linear dependence of the components of an nth-rank tensor on the products of
the components of ny,....,n, -rank tensors are themselves the components of a tensor of rank

n+n;+.... ny,.
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Symmetry of tensorial properties

Neumann's principle: P < P(y) (8)

The crystal point group P must be either the same or a subgroup of the symmetry group P(y)

inherent to the tensorial physical property y owned by the crystal.

Application:
the tensor representing y is constrained to be invariant with respect to any symmetry operation
of the crystal point group.

Invariance with respect to the group generators only needs to be checked.
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Invariance relationship for a second-rank tensor vy:

y = RyR (for all symmetry matrices R corresponding to point group generators) 9

Solving the equation for all independent symmetry operations of a given crystal point group —

symmetry constraints on the yy, tensor components

All y;, components must be zero for a point group more symmetrical than the tensor itself

(Neumann's principle is violated)

¢ Geometrical interpretation of Neumann's principle:  the symmetry of the geometrical

representation of the tensorial property is compared to the crystal point symmetry (feasible for

first- and second-rank tensors only)
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Representation of a first-rank tensorial property: polar (segment with arrow) or axial (segment

with direction of rotation) vector.

Polar vectors: linear velocity, force, electric field intensity, moment of electric dipole

Axial vectors: angular velocity, moment of force, magnetic field intensity, moment of magnetic

dipole
Groups of symmetry of polar (com, non-centrosymmetrical) and axial (co/m, centrosymmetrical)

vectors: 'limit groups' (also called Curie groups), including the infinite symmetry axes.

10
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Neumann's principle —

spontaneous electric polarization (pyroelectric and ferroelectric crystals) possible only for polar

point groups — subgroups of the limit group ocom: 1, 2, 3, 4, 6, m, mm2, 3m, 4mm, 6m.
Polar vector: parallel to symmetry axis (polar axis), when present; in point group m any direction

within the mirror plane, in group 1 any direction whatsoever.

Spontaneous magnetic polarization (ferromagnetic crystals) possible only for axial point groups

— subgroups of the limit group oo/m: 1, 2, 3,4,6, 1,m, 3, 4, 6,2/m, 4/m, 6/m.
Axial vector: parallel to symmetry axis (axial axis), when present; in point group m normal the

mirror plane, in groups 1 and 1 any direction whatsoever.

11
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Representation of a symmetric second-rank tensorial property: second order surface (quadric) —

ellipsoid or hyperboloid of one or two sheets.

e General quadric with all three eigenvalues different (mmm symmetry) —

orthorhombic (principal directions parallel to the crystallographic axes), monoclinic (one of the

principal directions parallel to the unique monoclinic axis) and triclinic systems.

e Special quadric with two eigenvalues equal but different from the third one (revolution ellipsoid
or hyperboloid with symmetry oco/mm) —
tetragonal, trigonal and hexagonal symmetry groups subgroups of the limit group co/mm, but not

of the group mmm; principal direction corresponding to the unique tensor eigenvalue parallel to

12
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the symmetry axis 4, 3 or 6.

o All three eigenvalues equal —

the quadric is a sphere with symmetry oo co/m — all cubic point groups (subgroups of oo co/m)

From the physical point of view, tensors can represent either an intrinsic property of the

crystalline medium (‘matter tensors') or an _external field applied to the crystal with an arbitrary

orientation ('field tensors').

13
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Crystal strain
State of strain of the crystal: vector field u = x'-x = u(x) -»

change between equilibrium x and strained x' position vectors as a function of the point position.

By expanding u(x) in a Taylor series of type (1) (the displacement of the point at the origin is

assumed to be vanishing):

A, 3 ok

—Lxpt = 1
0°X 2T hk & ékk

U = Z XpXk T enenenn. (10)

Small deformations (homogeneous strain) — terms of order higher than one are neglected —

the u; components are linear transformations of the position vector components x;, of a general

crystal point:

14
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U= 2 CinXn. (11)

The coefficients e;, are dimensionless components of a second-rank tensor e which 1s generally
non-symmetrical.

Two-dimensional meaning of the of e, quantities:

P
B
B
%
Al
b4 t2 L: A_____fl
O u,

15
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After deformation, A and B change into A' and B'; components of the displacement vectors

u(A)=AA'and u(B)=BB"

ul(A) = 611X1(A), UQ(A) = 621X1(A)

ul(B) = 612X2(B), 112(B) = 622X2(B).

hence: €1 = ul(A)/Xl(A), 622:112(B)/X2(B).

Rotation angles ¢; and ¢, of the OA' and OB' sides with respect to the original directions OA

and OB:

16

Michele Catti - Nancy, June 2005



u,(A) e u, (B) €
2 _ 21 , tan @y = 1
XI(A)+u1(A) I+e

12

X2(B)+u2(B) 1+e22

tan @) =
11

For small strains: e;; « 1, e « 1,tan@; = @y, tan @, = @, —
P1 =€, P2=C12
e11=e»=0 and e;;=-e,; —> anticlockwise rigid rotation by the angle ¢ =¢,; —

e 1s antisymmetrical (ej=-¢;)

The strain tensor e can always be written as the sum of a symmetrical
e= (e +e)
plus an antisymmetrical ® = (e -e) component:

Ejj + Wy = 1/2(61j+€ji) + l/z(eij-eji) = €jj.
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E=e- ® : physically relevant part of the strain.

Decomposition e = € + @ for the planar deformation:

1%

1

The € strain tensor can be calculated from the orthonormalization matrix M, relating the Cartesian

to the crystallographic vectorial basis, according to:

8=;(M"1M + MM - 1 (13)

18
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Crystal strain is that caused by temperature changes — tensor of thermal expansion

O«
ij

T

Otij =

eigenvalues o, always positive —

. . . 3 . ..
the representation quadric of equation ) axi’>=1 isan ellipsoid
1=1

1
v

32

Volume thermal expansion:

Il
T
2
Il
=
Q

Tensor of thermal expansion a: matter tensor with symmetry properties and orientation

consistent with Neumann's principle.

19
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Stress tensor

Homogeneous stress field applied to the crystal: vector p (force per unit area) linear function of

the unit vector n normal to the surface element dS —

. . ) 3
tensorial relationship pi= Y  Tihp

The 1, coefficients are components of the second-rank symmetrical (field) tensor of stress ©
T component: oriented pressure along the i-th direction acting onto the dS surface normal to

the j-th Cartesian direction.

20
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Surface forces acting onto the three faces of a cube

&
<

I fﬁ.}
| ’
: Tos
: ) T3
r__ - -
I ;11 : -
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! =" T
4+ — -t - = —
rd s
s Tmt----¥ %
rd
7/

X
components of the force per unit area acting onto (1 00):  p; = Ty, p2= To1, P3 = T3
the 7 tensor is a symmetrical field tensor: t; = t; —
the stress tensor has real eigenvalues and can be diagonalized; along its principal directions, the

applied pressure is normal to the surface element.
21
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Elasticity tensor

Elastic solid: the dependence of strain on the applied stress 1s linear (Hooke's law).

Anisotropic elastic solid (crystal): Hooke's law 1s expressed in tensorial form.

3
Tij = 2 1 Cijhk €hks 14
A (14)

3
&j = % h.k Sijhk Thk- (15)

Cijhe: Stress component Tj; producing a crystal deformation state with a &y component of

unit value.

Sijnk:  Strain component g;; resulting from application of a unit stress 7ty to the crystal.

22
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Cijnk and sijnx obey the transformation rule 3) —

components of the fourth-rank tensors ¢ (tensor of elastic constants or stiffness coefficients) and

s (tensor of compliance coefficients)

Generalized inversion relationship relating ¢ and s:

3 1
% m,n CijmnSmahk = (OinOjk + OixOin). (16)

Unlike € and t (field tensors) ¢ and s are matter tensors —

intrinsic property of the crystalline medium independent of the applied force field

23
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Symmetry relations for the subscripts of cijn and sjjn components:

Cijhk = Cjink = Cijkh = Cjikh = Chkij = Ckhij — Chkji = Ckhji,

Only 21 components of ¢ and s out of 81 actually independent

(17)

Mechanical work per unit volume of an infinitesimal elastic deformation of the crystal:

3 3
dW = % -Tijdgij: z

=i hk Cijhkdghkdgija

For a finite deformation:

3
% iihk CijhkEij€nk-
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3
Volume change AV — deformation AV/V = %isii —

(U]

Volume compressibility B=-(0V/0op)/V=73 .. Siim

T L,h

3
Elastic bulk modulus K=1/p=1/ % 1 Siin

Condensation of tensorial subscripts (Voigt's notation):

11->1, 22 > 2, 33 >3, 23 > 4,

Tp— Tij» €q— €ij» Cpq — Cijhk

Michele Catti - Nancy, June 2005

(cf. (15))

13 — 5,

12 —>6

(19)

(20)
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Representation of T and € tensors: 6 x 1 linear matrix, instead of a 3 x 3 symmetrical square

matrix

|_T11 T12 T13—|
| T2 T22 123 |
|_T13 123 T33J

Representation of the elastic tensors ¢ and s:

Ci1
Ci2
Ci3
Ci4
Cis

L Ci6

Ci2
C22
C23
C24
C2s5
C26

Michele Catti - Nancy, June 2005

Ci13
C23
C33
C34
C3s
C36

Ci4
Co4
C34
Cq4
C45
C46

_>

6 x 6 symmetrical square matrix (Cpq = Cqp)

Cis
C2s5
C3s
C4s5
Css
Cse6

C16—|
C26
C36
Cs6

Cs6
C66J

[T1 T2 T3 T4 T5 Te)

26



But, in order to have:

6

Ty = X Cpto 21)
q=l1
6

&= X SpqTo (22)
g=1

the ¢, and s,q components have to be defined according to:

Ep— &j (p=1,2,3), Ep— 28ij (p=4.5,6); Spq = Siihh (p,q =1,2,3), Spq — 2siink (p=1,2,3; q=4,5,6), Spq =

4Sijhk (p,q =4,5,6). E.g., €= €11, €4= 2€23, S13 = 81133, S26 = 282212, Sas = 482313.

With the chosen convention the relation of matrix inversion
s=c¢’ (23)

holds for the two 6x6 square matrices representing the elasticity tensors.

27
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Transformation of relations (14), (15), (18), (19), (20) according to Voigt's notation:

T=ceg, (24)
ge=c' T=sT. (25)

16
W= 2% p,q ra Mo (26)

3
B= % p.q Spa (27)

3

K=1/B= 1/% p.q Spa: (28)

28
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Neumann's principle applied to ¢ and s tensors (matter tensors) — symmetry constraints on cpq

and s,, components

For each generator R of the crystal point group:

Cartesian basis E transformed into E' = RE; ¢,, components into ¢, according to (3)
Conditions ¢,y = ¢pq = symmetry constraints on elastic constants

Examples:

R = twofold axis parallel to the e, Cartesian vector (e.g., monoclinic system) —
indices 1 of Cartesian coordinates transformas: 1 —» -1, 2 — 2,3 — -3.
Components of a second-rank tensor transform as products of two coordinates —

pair 1j of indices transform as: 11 — 11, 22 —» 22, 33 —» 33, 23 — -23, 13 —» 13, 12 > -12;

29
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in Voigt's notation: 1 > 1,2 »2,3 53,4 ->-4,5 55,6 - -6.

Symmetry invariance — Cy4 =Cpy = C34 = C45 = Ci6 = Cr6 =C36 =Cs6 = 0

No further constraints on the c¢,q components in monoclinic point groups

The c¢ tensor is proved to be invariant to action of the inversion centre —

elasticity is a centrosymmetrical property — only the non-centrosymmetrical point-group
generators need be taken into account

Orthorhombic system:

two twofold axes parallel to e, and e; considered as generators for the 222 and mmm point groups
(excluding the inversion centre).

Symmetry constraints on the elastic constants: sum of those for the monoclinic system, plus

those due to the twofold axis parallel to es.

30
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Indices of vectors e; transformas: 1 —»-1,2 > -2,3 — 3;

Voigt's condensed subscripts: 1 —> 1,2 52,3 53,4 —»-4,5 —»-5,6 > 6.
New symmetry constraints: ¢;s =cys =¢C3s= 0 —

only ¢y, 22, €33, C12, C13, C23, Ca4, Css, Ce¢ May differ from zero.

This holds for point group mm2 as well, and then for the whole orthorhombic system.

Michele Catti - Nancy, June 2005
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Symmetry restrictions on the components of the elasticity tensor ¢ (Voigt's notation) for all crystal

point groups

1,1 2, m, 2/m
Ci1 Ci2 C13 Ci4 Ci5 Cip Cit 2 €3 0 ¢i5 0
C22 C23 Co4 C25 Co6 Cn €3 0 ¢c5 0
C33 C34 C35 C36 c3 0 ¢35 0
C44 C45 Cy6 Cas 0 Cue
Css Cs6 Css 0
Ce6 Ce6

32
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222, mm2, mmm

Ci1 Ci12 Ci3 O 0 O

Cn 3 0 0 O
c;30 0 O
caa 0 O

Cs5 0
Co6

Michele Catti - Nancy, June 2005

3,3
Ci1 Ci2 C13 Cis4 Ci5 0

Ci1 Ci3-Cis-Ci5 0

C33 0 0 0
Css 0 -Cis
Ca4 Cig
Co6= -(C11-C12) Ce6

33



32, 3m, 3m
Cii €z ¢3¢4 0 0

cip ¢34 0 O

c3 0 0 O

Cqq 0 O
Cq4 Ci4g

Co6= -(C11-C12) Ceo
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6, 6, 6/m, 622, 6mm, 62m, 6/mmm

Ci1 C12 Ci3 0O 0 O

circiz 0 0 O
c30 0 O
caa 0 O

Caqg 0

Co6— -(011-C12)

Co6

34



4, 4, 4/m
Ci1 €2 €3 0 0 c6

ci1 ¢i3 0 0 -cp6

c;30 0 O
cas 0 O
Caqg 0

Co6
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422, 4mm, 42m, 4/mmm
ciicpczs0 0 O
circis 0 0 O

c;30 0 O

caa 0 O

Caqg 0

Ce6

23, m3, 432, 43m, m3m

Ci1 Ci2 Ci2 0O 0 O

circp 0 0 O
cn 0 0 O
caa 0 O

Caqg 0

Cq4
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Examples and applications

Independent values of elastic stiffnesses c¢,q (GPa) and compliances s,q (TPa™") of some crystals

(Landolt-Bornstein Tables, 1983)

MgO CaCO;
periclase calcite
cubic trigonal
Pq C S C S

CaSO4 (C6H5)2CO CaSO4.2H20 C10H8
anhydrite benzophenone  gypsum  naphthalene

orthorhom. orthorhom. Monoclinic  monoclinic

Michele Catti - Nancy, June 2005
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11 294 401 144 |11.4 | 938 |11.0 [10.7 130 (945 | 154 8.0 | 292
22 185 5.72 110.0 [ 157 165.2 | 29.5 10.0 | 872
33 84.0 (174 |112 955 7.1 165 |50.2 | 32.8 12.2 | 559
44 155 6.47 |33.5 414 | 325 | 30.8 12.03 (493 8.6 |117 3.38 | 302
55 265 | 3777 |[1.55]645 (324 | 38.2 2.21 14840
66 93 1108 |3.53 283 |10.8 | 935 4.28 | 239
12 93 1-0.96 (539 | -4.0 | 16,5 | -0.76 550 \-72 |379 | -8.6 4.85 | -208
13 51.1 | 4.5 152 | -1281.69 | 2 282 | -2.2 3.38 -8
23 31.7 | -1.52|3.21 |-54 |32.0 | -15.9 | 2.72 | -555
14 -20.5 | 95

15 -11.0 6.6 | -0.5 | -181
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25 6.9 | -12.8 | -2.5 | 1830
35 7.5 | 102 | 3.0 |-1483
46 -1.1 | 12.0 | -0.1 -8

Michele Catti - Nancy, June 2005
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Case of orthorhombic anhydrite CaSOy,.

Orthonormalization matrix with diagonal form: [I/a 0 0/0 1/b 0/0 0 1/c]
Then by means of (13), and using the Voigt's notation, the following expressions are obtained for
the strain components related to changes of lattice constants:

gg=a/a-1, &=0b'/b-1, e =c'/c-1,

A uniaxial compression of 1 Gpa (= 10° N m™) is applied to a crystal of CaSO,4 along the x
crystallographic direction: what is the corresponding deformation ?

Stress tensor: T=[-1000 0 0] GPa;

by (22), strain tensor ¢ = [-0.01100 0.00076 0.00128 0 0 0].

39
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Unit-cell edges undergo changes of -1.10 % (a), +0.08 % (b), +0.13 % (c).

Mechanical work per unit volume required to perform this deformation: by (26), W= 5.5 MJ m™.

Isotropic compression of 1 GPa on the same crystal — stress T =[-1-1-100 0] GPa
By (22) or (25): resulting deformation € = [-0.00896 -0.00344 -0.0067500 0] —

relative decreases of the a, b, ¢ cell edges by -0.90 %, -0.34 % and -0.68 %

3
Energy per unit volume: 10.6 MJ m™, relative volume decrease -1.9 % (3 . &,= -0.0192).
g 747

Volume compressibility B = 0.01915 (GPa)"' by (27) — (pressure = 1 GPa) AV/V =-1.92%

40
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