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Interference of scattered waves

The structure factor F(4kl) shows the interference of scattered waves

hkl Z f 27i( hx,, +ky,, +1z,, ) _ meme2ni<hkl‘xmyfzm>

I Scattering factor
Type of atom

Laue indices

Fractional coordinates

Non-integer indices: negative interference =
Position of the atom

Integer indices: positive interference

Diffractions corresponding to some classes of integer Laue indices have zero
intensities. The “absences”™ are called “systematic absences” and fulfil some
reflection conditions which depend on the choice of the unit cell and of the
crystal structure itself.
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Crystal symmetry in the diffraction pattern

The space group of the crystal 1s reflected 1n the diffraction pattern
through the following features (under the kinematical approximation):

1. The geometric distribution of diffractions determines the cell
parameters of the reciprocal lattice, from which those of the direct
lattice are easily obtained — but the choice of the unit cell in reciprocal
space 1s not automatic!

2. The Laue class of the crystal 1s obtained from the symmetry of the
intensity distribution.

3. If Friedel’s law 1s not valid, not only the Laue class but also the point
osroup of the crystal is obtained from the symmetry of the intensity
distribution.

4. If the space group is not symmorphic and/or if the unit cell chosen 1s
not primitive, systematic absences (i.e. reciprocal lattice nodes
associated with zero intensity in a systematic way) appear in the
diffraction pattern.
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Crystal symmetry in the diffraction pattern

Example: find the Laue indices of diffractions that are equivalent in the
diffraction pattern of a crystal with point group 4 (with and without
Friedel’s law)

Friedel’s law not valid Friedel’s law valid
hkl khi  hkl  khl hkl khl  hkl  Ehl
h0l Ohl  hOl  Ohl hOl Ohl  hOl kOl
hhl whl hhl WAl hhi hhl  hhi  hhl

hk0 khO hkO  khO same
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Classification of reflection conditions

* General: apply to all Wyckoff positions.

* Special: apply to special Wyckoff positions. In particular, in
presence of non-characteristic and extraordinary orbits one gets
additional special reflection conditions.

* Integral: appear when a non-primitive unit cell is selected.

» Zonal: appear in presence of glide planes'.

 Serial: appear in presence of screw axes’.

"When there 1s no mirror plane parallel to the glide plane.

>When there is no rotation axes, with the same rotational component,
parallel to the screw axis.

In symmorphic space groups, zonal and serial reflection conditions never occur.
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Extinction vs. absence

Extinction (primary, secondary): a dynamical phenomenon related to the
weakening of the incident beam while 1t goes through the crystal structure
(related to absorption and multiple scattering).

Systemafi mctions Systematic absences (actually, presences!)

Reflection conditions
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Integral conditions

They aftect the whole reciprocal space and
show up when a non-primitive cell is chosen
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Unit cells in direct and reciprocal space

U = unit cell; P = Primitive; N = centred (Non-primitive)

Direct space Reciprocal space
Up primitive unit cell (Up)*  reciprocal of the primitive unit cell

U*p primitive reciprocal unit cell

Uy  centred (non-primitive) (Uy)*  reciprocal of the centred unit cell
unit cell

U*y centred reciprocal unit cell

Warning !

(Up)* =U*p but (Uy)* # U*n
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From a primitive to a centred cell

(abc)rM = (abc)y

a a
Gy=|b| (@ b ¢)y,=M"|b| (a b c),M=MGM
C N C P

det(Gy) = det(M7)det(Gp)det(M) = det(M)*det(Gp)
V(Uy) = det(Gy)"? = [det(M)2det(Gr)]"? = det(M)det(Gr)i, = det(M)V(Up)
det(M) > 1 l
V(Uy) > V(Up)

VI(Un)*] = det(Gy)"? = [det(M!)’det(G"p)]? = det(M1)det(G"p) > = det(M)V(U*p)
det(M™') < ll
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Exercise: Up vs Uy in direct space

1. Draw the unit cell Up and index the lattice nodes with respect to the arbpcy
coordinate system.
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Exercise: Up vs Uy in direct space

OB O Ox,i O (310
. 130 010 i _
Q) O O o0 () 210

L
‘e
‘e
LN
LN
.
.
LN
LN
.
N

300 () O Q o (030
400 () O O b e O o0

/ 310 l220

2. Index the lattice directions and lattice planes indicated in the figure.
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Exercise: Up vs Uy in direct space
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3. Draw the Uy unit cell defined by a coordinate system ay = ap+bp, by =
-apt+bp cy= cp.
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Exercise: Up vs Uy in direct space
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4. Index the lattice nodes with respect to the aybycy coordinate system.
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Exercise: Up vs Uy in direct space
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Exercise: Up vs Uy in direct space

0 22" O 22 Q 22"

/ 220 270 foo L 210, 22(\

[V4740] [100] [4140]
(110)
(020)

What conclusions can you draw?
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Exercise: Up vs Uy in direct space

Conclusions

* When the lattice 1s indexed with respect to Up, then [uvw]r and
(hkl)p are both relatively prime integers.

* When the lattice 1s indexed with respect to Uy, then [uvw]xy are not
restricted to integers, 1.e. the direction indices of some direction
are fractional, and (/#k/)y are not restricted to relatively prime
integers, 1.e. the Miller indices of some lattice planes contain a
common factor.

* In this example (C-centred cell), the Miller indices obey to the
restrictions h+k = 2n.
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Exercise: Up vs Uy in reciprocal space

O O O O
O O O

O O O O
- a*, b*, -

O O
O O O

O O O O
O O O

O O O O

1. Draw the unit cell U*p and index the lattice nodes with respect to the
a*pb*pe*p coordinate system.
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Exercise: Up vs Uy in reciprocal space

2. Index the reciprocal lattice directions and reciprocal lattice planes indicated
in the figure.
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Exercise: Up vs Uy in reciprocal space

T (100)*p

: 010]*
O O l 230@ 140 Q [ I

[100]*» [110]*» 5 (110)*,

3. Draw the region (Uy)* defined by a coordinate system (a*y = a*p+ ¢*p)/2,
b*y = (-a*p + b*p)/2, ¢*y = ¢*p and index the reciprocal lattice nodes with
respect to the a*yb*ye™y coordinate system . Is (Uy)™ a unit cell?
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Exercise: Up vs Uy in reciprocal space

330 10 310 330
O O O O
220 20 i 200
O 3 O
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4. Draw the unit cell U*y, index the recip:rocal lattice directions and reciprocal
lattice planes indicated in the figure
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Exercise: Up vs Uy In reciprocal space

.....
LN
.
.....
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What conclusions can you draw?
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Exercise: Up vs Uy in reciprocal space

Conclusions

(Up)* = U* P

(UN)* = U*y

(Un)™* 1s not a unit cell, whereas U*y 1s.

* When the reciprocal lattice 1s indexed with respect to U*p, then
[hkl]*p and (uvw)™p are both relatively prime integers.

* When the reciprocal lattice is indexed with respect to U*, then
[hkl]* v are not restricted to relatively prime integers, 1.e. the
direction indices of some reciprocal lattice directions contain a
common factor, and (uvw)*y are not restricted to integers, 1.€. the
Miller indices of some reciprocal lattice planes are fractional.

* In this example, the reciprocal of an C-centred cell 1s still an C-

centred cell, the Laue indices obey to the restrictions 4+k = 2n.
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Change of coordinate system

Covariant quantities Contravariant quantities
(abc)P =(a'b'c') a*) (a*
P\ b*|=|b*
=(h'k'l") c*) (¥

hkl
X x'
z z
U u'
P v =]V
w w'
Row vectors \ /

Column vectors
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Describe this direct lattice by an I-centred cell

//1—7 / by /

Remember lecture 5, page 17
(T 1 1)
1) =

[—P. —| 1 1 1| ——>» P>/

Cr

N\

—_— O
4

—t OO
O
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Direction indices [uvw] and Miller indices (24k/) when

the lattice is indexed with respect to an /-centred cell

(—u+v+w)

u,v,w all odd
— \ 9) two even, one odd
1 LT u—v+w
5 1111 v|= > i
\1 1 1) W U+v—w :
[u'v'w'] half integers
.2 )

011 W+k+ = k+l+hti+h+k =

(WKL) 10 1 |=(k+1 h+l h+k) = 2h+2ke20 =20kl

h+k+[=2n
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Obtain the reciprocal of an I-lattice (1)

ST

011y qp 21
PoI|101| =={1T11
110) 21111

a*p 74})
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The reciprocal of an /I-lattice

Conclusions

* The restrictions on the Miller indices obtained when the direct
lattice 1s indexed with respect to the coordinate system of an /-
centred cell, U,, (h+k+[ = 2n) are also the restrictions on the
coordinates when the reciprocal lattice 1s indexed with respect to
the reciprocal of U, i.e. (U))*.

* The basis vectors defined by (U))*, which is not a unit cell, define
an F-centred unit-cell in reciprocal space, U*F.

* The restrictions on the Miller indices 1n direct space are
transferred to the restrictions on Laue indices in reciprocal space
and appear as integral reflection condition ikl: h+k+I[ = 2n 1n the
diffraction pattern.
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Describe this direct lattice by an F-centred cell
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Remember lecture 5, page 17

1/0 1 1) 1 1 1)
(110, SRR
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Direction indices [uvw] and Miller indices (24k/) when

the lattice is indexed with respect to an F-centred cell

(v+w)
1 o1 U u —|2— w u,v,w not all odd or not all even
— 1 01| v |= i
2{110)w 2
u—+v |
[u"v'w'] some half integers
L 2

h+k =21

| |=(-h+k+] h-k+1 h+k-1) Z+§:§z
N
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Obtain the reciprocal of an F-lattice (1)

111} (o011
PoF 1T L =—101
Ry 110
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Obtain the reciprocal of an F-lattice (2)
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/ C*P / \
*P >hP
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a*p avp *

I centred !
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The reciprocal of an F-lattice

Conclusions

* The restrictions on the Miller indices obtained when the direct
lattice 1s indexed with respect to the coordinate system of an F-
centred cell, Ug, (h+k =2n, h+I[ = 2n, k+[ = 2n) are also the
restrictions on the coordinates when the reciprocal lattice 1s
indexed with respect to the reciprocal of Up, i.e. (Up)*.

* The basis vectors defined by (Ur)*, which is not a unit cell, define
an I-centred unit-cell in reciprocal space, U*,.

* The restrictions on the Miller indices 1n direct space are
transferred to the restrictions on Laue indices in reciprocal space
and appear as integral reflection condition hkl: h+k =2n, h+[ =
2n, k+1 = 2n 1n the diffraction pattern.
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Describe this direct lattice by an R-centred cell

Remember lecture 2, page 114

~

(211
P—>R—-112| —»> P—>R:
31111

O ==
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/
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Direction indices [uvw] and Miller indices (24k/) when

the lattice is indexed with respect to an R-centred cell

(v+w)
2
011
1(1 0 1}(%}; u+w [u'v'w'] some fractionals
2{110){w 2
u-+v
L 2
(101
(BRI U 11 |=(h=k k=1 h+k+1) Bk = -hkerk-Feheri= 3k
011
\ )
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Obtain the reciprocal of an R-lattice (1)
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The reciprocal of an R-lattice

Conclusions

* The restrictions on the Miller indices obtained when the direct
lattice 1s indexed with respect to the coordinate system of an R-
centred cell, Ug, (-h+k+[ = 3n) are also the restrictions on the
coordinates when the reciprocal lattice 1s indexed with respect to
the reciprocal of Ug, i.e. (Ug)*.

* The basis vectors defined by (Ug)*, which is not a unit cell, define
an X-centred unit-cell in reciprocal space, U*y.

* The restrictions on the Miller indices 1n direct space are
transferred to the restrictions on Laue indices in reciprocal space
and appear as integral reflection condition ikl: -h+k+[ = 3n in the
diffraction pattern.
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Z.onal reflection conditions

They affect one plane of the reciprocal space and
show up in presence of a glide plane
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Z.onal reflection conditions: witness of glide planes

12 12

https://do1.0org/10.1107/S1600576715011206
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https://doi.org/10.1107/S1600576715011206

Z.onal reflection conditions: witness of glide planes

() () ()
S
+
XXX +
>
- - — - —
Direct space Reciprocal space
In projection along the a axis the period along b On the (0k/)*plane the period along the b* axis
seems halved appears doubled.

Reflection conditions: 0/ : k= 2n https://doi.org/10.1107/S1600576715011206
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https://doi.org/10.1107/S1600576715011206

Glide plane with glide component parallel to the plane

Primitive unit cell, npi00; glide plane

O O O
+ n n
O O
O O O b>
+ + +
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Glide plane with glide component parallel to the plane

A
¢ In this projection, the unit cell
looks like A4
@ O O
O O
Y C b
O O O >

Reflection conditions: 04/ : k+[=2n
Same as those of an 4 unit cell but only on the (0kl)* plane
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Serial reflection conditions

They affect one row of the reciprocal space and
show up in presence of a screw axis

(13) - 44/ 54



Serial reflection conditions: witness of screw axes

¢ - Reflection conditions :
00/:/=4n

| /@ t/4

%

v

07 J N\

Direct space Reciprocal space
In the projection on the ¢ axis the period In the [001]* direction the period
appear reduced to Ya. appears multiplied by four.

https://do1.0org/10.1107/S1600576715011206
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From retlections conditions to
space groups
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Example 1: cell parameters a, b, c, a= = y=90°

hkl:k+[=2n — »Integral reflection 0A
I 0kl:k+1 =2n conditions: centred cell
—h0l:l=2n / hk0: perpendicular to [001]
{Z%;Z: m et eve - ity
h00:h =2n+«
—0k0:k=2n
- 00[:l=2n

Non-independent
Diffraction symbol : 4--a

Possible space-group types : Am2a, A2 ma, Amma
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Example 2: cell parametersa = b, c, a= = y=90°

No integral reflection condition ——» tP

v hk0: perpendicular to [001]

hkO:h+k=2n— Zonalreflection Ty
EO KOk = 2n conditions: glide plane T htk even & n gli de/ [001]
hhl:l=2n—— Zonalreflection v hhl: perpendicular to [110]
7 conditions: glide plane Ci1
00/:1=2n « SHeep T [even . c glide> o

Non-independent

Diffraction symbol : Pn-c

Possible space-group type: P4 /nmc
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Example 3: cell parametersa=b=c, a= = y=90°

—— hkl:h+k+[ = 2n —» Integral reflection condition cl

Okl:k=2n — Okl: perpendicular to [100], £ even b[lOO]
2kll ; lh = 22n — Okl: perpendicular to [100], leven ¢,
0/:h=2n — Zonal reflection condition hOl: perpendicular to [010], # even a .
hOl:l=2n — h0![: perpendicular to [010], / even Clo10)
hkQ:h=2n hk0: perpendicular to [001],/ even Ao
hkOk=2n— hk0: perpendicular to [001],k even b[om]
—hhi2h+tl=4n —» Zonal reflection condition  hhl: perpendicular to [110], 24+ = 4n ??
hhl:l = 2n
—00/:l=4n
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Example 3: cell parametersa=b=c, a= = y=90°

7 (atbtoya

R 2 R
c/2 ‘|'

7777777 vQ | | | © >
+b)/2
« o S [110]
. _ . . | (110)=h=k
Direct lattice: (at+b+c)/4 Reciprocal lattice: A+k+l = 4n » hth+l=4n

hhI2h+l=4n  dg,
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Example 3: cell parametersa=b=c, a= = y=90°

—— hkl:h+k+[ = 2n —» Integral reflection condition cl

Okl:k=2n — Okl: perpendicular to [100], k even b 1001
Okl:l=2n — Okl: perpendicular to [100], / even -
h0l:h =2n — Zonal reflection condition hOl: perpendicular to [010], 7 even A0
hOl:l=2n — h0![: perpendicular to [010], / even Cro10)
hkQ:h =2n— hk0: perpendicular to [001],/# even Ao
hkQ:k=2n hk0: perpendicular to [001],k even broony

— hhl:22h+1 = 4n —» 7onal reflection condition  /hl: perpendicular to [110], 2h+] = 4n 170,
hhl.l=2n

—00L:l=4n

Diffraction symbol: /a-d
Possible space-group type: la3d
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90°

}/:

B

C, A=

=b=

cell parameters a

Example 3

Reflection conditions

h,k.l permutable

General:

h+k+1=2n
k.l =2n

hkl -

Okl -

Massimo Nespolo, Université de Lorraine
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Example of symmorphic group (1)

‘ > hkl: h+k=2n
Cmmm
b a n C;ig_
| > hkQ: h+k=2n <«— [_ T f : r T
> h0l: h=2n <«— — ¢ ; 0 | 0 —
> Okl: k=21 «— — |—mp— =t —
~|E I i
o0 —
O | [
s __0____0—-— —
L
— ——9 o —
S

In symmorphic space groups, zonal and serial reflection conditions never occur.
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Example of symmorphic group (2)

P 4 m m
[

> hhl: h+h=2n

However, hi+h = 2h 1s always even!
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