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Interference of scattered waves

   2 2m m m m m mi hx ky lz i hkl x y z
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F hkl f e f e     

The structure factor F(hkl) shows the interference of scattered waves

Laue indices

Scattering factor
Type of atom

Fractional coordinates
Position of the atom

Diffractions corresponding to some classes of integer Laue indices have zero 
intensities. The “absences” are called “systematic absences” and fulfil some 
reflection conditions which depend on the choice of the unit cell and of the 
crystal structure itself.

Non-integer indices: negative interference
Integer indices: positive interference
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Crystal symmetry in the diffraction pattern

The space group of the crystal is reflected in the diffraction pattern 
through the following features (under the kinematical approximation):

1. The geometric distribution of diffractions determines the cell 
parameters of the reciprocal lattice, from which those of the direct 
lattice are easily obtained – but the choice of the unit cell in reciprocal 
space is not automatic!

2. The Laue class of the crystal is obtained from the symmetry of the 
intensity distribution.

3. If Friedel’s law is not valid, not only the Laue class but also the point 
group of the crystal is obtained from the symmetry of the intensity 
distribution.

4. If the space group is not symmorphic and/or if the unit cell chosen is 
not primitive, systematic absences (i.e. reciprocal lattice nodes 
associated with zero intensity in a systematic way) appear in the 
diffraction pattern.
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Crystal symmetry in the diffraction pattern

Example: find the Laue indices of diffractions that are equivalent in the 
diffraction pattern of a crystal with point group 4 (with and without 
Friedel’s law)

hkl

Friedel’s law not valid Friedel’s law valid

khl hkl khl hkl khl hkl khl

h0l 0hl h0l 0hl h0l 0hl h0l k0l

hhl hhl hhl hhl hhl hhl hhl hhl

hk0 kh0 hk0 kh0 same

EX



Massimo Nespolo, Université de Lorraine(13) - 5 / 54

Classification of reflection conditions

● General: apply to all Wyckoff positions.
● Special: apply to special Wyckoff positions. In particular, in 

presence of non-characteristic and extraordinary orbits one gets 
additional special reflection conditions.

● Integral: appear when a non-primitive unit cell is selected.
● Zonal: appear in presence of glide planes1.
● Serial: appear in presence of screw axes2.

1 When there is no mirror plane parallel to the glide plane.

In symmorphic space groups, zonal and serial reflection conditions never occur.

2 When there is no rotation axes, with the same rotational component, 
parallel to the screw axis.
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Extinction vs. absence

Systematic extinctions Systematic absences (actually, presences!)

Reflection conditions

Extinction (primary, secondary): a dynamical phenomenon related to the 
weakening of the incident beam while it goes through the crystal structure 
(related to absorption and multiple scattering).
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Integral conditions
They affect the whole reciprocal space and 

show up when a non-primitive cell is chosen
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Unit cells in direct and reciprocal space

U = unit cell; P = Primitive; N = centred (Non-primitive)

Direct space Reciprocal space

UP primitive unit cell (UP)* reciprocal of the primitive unit cell

U*P primitive reciprocal unit cell

UN centred (non-primitive) 
unit cell

(UN)* reciprocal of the centred unit cell

U*N centred reciprocal unit cell

Warning !Warning !

(U(UPP)* = U*)* = U*PP but  but (U(UNN)* )*  U* U*NN  
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From a primitive to a centred cell

(abc)PM = (abc)N

MTGPM

det(GN) = det(MT)det(GP)det(M) = det(M)2det(GP)

V(UN) = det(GN)1/2 = [det(M)2det(GP)]1/2 = det(M)det(GP)1/2 = det(M)V(UP)

det(M) > 1

V(UN) > V(UP)

V[(UN)*] = det(G*
N)1/2 = [det(M-1)2det(G*

P)]1/2 = det(M-1)det(G*
P)1/2 = det(M-1)V(U*P)

det(M-1) < 1

V[(UN)*] < V(U*P) !!!!!!
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Exercise: UP vs UN in direct space

b
Pa

P

1. Draw the unit cell UP and index the lattice nodes with respect to the aPbPcP 
coordinate system.
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Exercise: UP vs UN in direct space

b
Pa

P

100

200

000

130
310

040

110

120

210 010

020

030300

400

210

220

010

020

110

310

100

110

110

120

130

200

210

220

310

120

220

130

UP

2. Index the lattice directions and lattice planes indicated in the figure.
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Exercise: UP vs UN in direct space

b
Pa

P

100

200

000

130
310

040

110

120

210 010

020

[110]P

[110]P

[100]P
[010]P

(110)P

(110)P (100)P

030300

400

210

220

010

020

110

310

100

110

110

120

130

200

210

220

310

120

220

130

(210)P

UP

3. Draw the UN unit cell defined by a coordinate system aN = aP+bP, bN = 
 -aP+bP cN =  cP.
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Exercise: UP vs UN in direct space

b
Pa

P

100

200

000

130
310

040

110

120

210 010

020

[110]P

[110]P

[100]P
[010]P

(110)P

(110)P (100)P

030300

400

210

220

010

020

110

310

100

110

110

120

130

200

210

220

310

120

220

130

(021)P

UP

b
N

c
N

4. Index the lattice nodes with respect to the aNbNcN coordinate system.
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Exercise: UP vs UN in direct space

5. Index the lattice directions and lattice planes indicated in the figure.

100

200

000

210210 220220

110 120110120

110 120110120

010 020010020

a
N

a
N

b
Pa

P

UP

UN
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Exercise: UP vs UN in direct space

100

200

000

210210 220220

110 120110120

110 120110120

010 020010020

a
N

a
N

b
Pa

P

UP

UN

What conclusions can you draw?

[½½0] [100] [½½0]

[010]

(310)

(110)
(020)
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Exercise: UP vs UN in direct space

● When the lattice is indexed with respect to UP, then [uvw]P and 
(hkl)P are both relatively prime integers.

● When the lattice is indexed with respect to UN, then [uvw]N are not 
restricted to integers, i.e. the direction indices of some direction 
are fractional, and (hkl)N are not restricted to relatively prime 
integers, i.e. the Miller indices of some lattice planes contain a 
common factor.

● In this example (C-centred cell), the Miller indices obey to the 
restrictions h+k = 2n.

ConclusionsConclusions EX



Massimo Nespolo, Université de Lorraine(13) - 17 / 54

Exercise: UP vs UN in reciprocal space

1. Draw the unit cell U*P and index the lattice nodes with respect to the 
a*Pb*Pc*P coordinate system.

b*
Pa*

P
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b*
P

a*
P

Exercise: UP vs UN in reciprocal space

2. Index the reciprocal lattice directions and reciprocal lattice planes indicated 
in the figure.

110

100
200

130310

110

120

010

020

030300

320

210

220

010

110

100

110

110

120

120

210

200

300

120

210

000

020

010

030

140

210

230
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b*
P

a*
P

Exercise: UP vs UN in reciprocal space

110

100
200

130310

110

120

010

020

030300

320

210

220

010

110

100

110

110

120

120

210

200

300

120

210

000

020

010

030

140

210

230

3. Draw the region (UN)* defined by a coordinate system (a*N = a*P+ c*P)/2, 
b*N = (-a*P + b*P)/2, c*N = c*P and index the reciprocal lattice nodes with 
respect to the a*Nb*Nc*N coordinate system . Is (UN)* a unit cell? 

[110]*P

[100]*P

[010]*P

(110)*P

(100)*P

(210)*P

[110]*P
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Exercise: UP vs UN in reciprocal space

310

130130

020

110

220

420420

200

310

110

220

330330

510

310

400

110

020

110

020

310

130

200

330

130

000

220

330

530510530

4. Draw the unit cell U*N, index the reciprocal lattice directions and reciprocal 
lattice planes indicated in the figure

(U*)N

b*N

a*Na*
P

b*
P



Massimo Nespolo, Université de Lorraine(13) - 21 / 54

b*
P

a*
P

Exercise: UP vs UN in reciprocal space

020

110

220

420420

200

310

110

220

330330

510

310

400

110

020

110

020

130

310

130

200

330

130

130

000

220

330

530

310

510

[020]*P

[110]*N [110]*N

(010)*N

(½½0)*N

[200]*N

U*N

a*N

b*N

What conclusions can you draw?

530

(100)*N
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● (UP)* = U*P

● (UN)*  U*N
● (UN)* is not a unit cell, whereas U*N is.
● When the reciprocal lattice is indexed with respect to U*P, then 

[hkl]*P and (uvw)*P are both relatively prime integers.
● When the reciprocal lattice is indexed with respect to U*N, then 

[hkl]*N are not restricted to relatively prime integers, i.e. the 
direction indices of some reciprocal lattice directions contain a 
common factor, and (uvw)*N are not restricted to integers, i.e. the 
Miller indices of some reciprocal lattice planes are fractional.

● In this example, the reciprocal of an C-centred cell is still an C-
centred cell, the Laue indices obey to the restrictions h+k = 2n.

ConclusionsConclusions

Exercise: UP vs UN in reciprocal space
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Change of coordinate system

   

   ' 'hkl h k l





abc P a'b'c'

P '

1

1

1

'
'
'

'
'
'
'
'
'

x x
y y
z z
u u
v v
w w







   
   
   
   
   
   
   
   
   
   
   
   

a* a*
P b* b*

c* c*

P

P

Contravariant quantities

Row vectors

Column vectors

Covariant quantities 
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Describe this direct lattice by an I-centred cell 

aP
bP

cP

aNbN

cN

aP
bP

cP

Remember lecture 5, page 17

I → P:

1 1 11
1 1 1

2 1 1 1

 
 
 
 

P → I:

EX

0 1 1
1 0 1
1 1 0

 
 
 
 
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Direction indices [uvw] and Miller indices (hkl) when 
the lattice is indexed with respect to an I-centred cell

21 1 11
1 1 1

2 21 1 1

2

u v w

u u v w
v
w u v w

   
 

                    
 

u,v,w all odd
two even, one odd

[u'v'w'] half integers

   
0 1 1
1 0 1
1 1 0

hkl k l h l h k
 
     
 
 

h+k+l = 2n

h'+k'+l' = k+l+h+l+h+k = 
= 2h+2k+2l = 2(h+k+l)

EX
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Obtain the reciprocal of an I-lattice (1)

P → I:

1 1 1 10 1 1 1
1 0 1 1 1 1

21 1 0 1 1 1

   
   

      

a*P
b*P

c*P

a*P
b*P

c*P

b*N

a*N

c*N

EX
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Obtain the reciprocal of an I-lattice (2)

P → I:

1 1 1 10 1 1 1
1 0 1 1 1 1

21 1 0 1 1 1

   
   

      

a*P

b*P

c*P

a*P

b*P

c*P
2b*N

2a*N

2c*N

F centred !

EX
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● The restrictions on the Miller indices obtained when the direct 
lattice is indexed with respect to the coordinate system of an I-
centred cell, UI, (h+k+l = 2n) are also the restrictions on the 
coordinates when the reciprocal lattice is indexed with respect to 
the reciprocal of UI, i.e. (UI)*. 

● The basis vectors defined by (UI)*, which is not a unit cell, define 
an F-centred unit-cell in reciprocal space, U*F.

● The restrictions on the Miller indices in direct space are 
transferred to the restrictions on Laue indices in reciprocal space 
and appear as integral reflection condition hkl: h+k+l = 2n in the 
diffraction pattern.

ConclusionsConclusions

The reciprocal of an I-lattice
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Describe this direct lattice by an F-centred cell 

Remember lecture 5, page 17

F→ P:

0 1 11
1 0 1

2 1 1 0

 
 
 
 

P → F:

EX

1 1 1
1 1 1
1 1 1

 
 
 
 

aP
bP

cP

aP
bP

cP

aN

bN

cN
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Direction indices [uvw] and Miller indices (hkl) when 
the lattice is indexed with respect to an F-centred cell

20 1 11
1 0 1

2 21 1 0

2

v w

u u w
v
w u v

 
 

    
              

 

u,v,w not all odd or not all even

[u'v'w'] some half integers

   
1 1 1
1 1 1
1 1 1

hkl h k l h k l h k l
 
         
 
 

h'+k' = 2l 
h'+l' = 2k 
k'+l' = 2h 

EX



Massimo Nespolo, Université de Lorraine(13) - 31 / 54

Obtain the reciprocal of an F-lattice (1)

P → F:

1
1 1 1 0 1 11
1 1 1 1 0 1

2 1 1 01 1 1


   
   

     

EX

a*P

b*P

c*P

a*P

b*P

c*P

b*N
a*N

c*N



Massimo Nespolo, Université de Lorraine(13) - 32 / 54

Obtain the reciprocal of an F-lattice (2)

I centred !

EX

P → F:

1
1 1 1 0 1 11
1 1 1 1 0 1

2 1 1 01 1 1


   
   

     

a*P

b*P

c*P

a*P

b*P

c*P

2a*N

2b*N

2c*N
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● The restrictions on the Miller indices obtained when the direct 
lattice is indexed with respect to the coordinate system of an F-
centred cell, UF, (h+k = 2n, h+l = 2n, k+l = 2n) are also the 
restrictions on the coordinates when the reciprocal lattice is 
indexed with respect to the reciprocal of UF, i.e. (UF)*. 

● The basis vectors defined by (UF)*, which is not a unit cell, define 
an I-centred unit-cell in reciprocal space, U*I.

● The restrictions on the Miller indices in direct space are 
transferred to the restrictions on Laue indices in reciprocal space 
and appear as integral reflection condition hkl: h+k = 2n, h+l = 
2n, k+l = 2n in the diffraction pattern.

ConclusionsConclusions

The reciprocal of an F-lattice
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Describe this direct lattice by an R-centred cell 

Remember lecture 2, page 114

P → R:

EX

1 0 1
1 1 1
0 1 1

 
 
 
 

aP

bP

cP

aP

bP

cP

aN

bN

cN

2 1 11
1 1 2

3 1 1 1

 
 
 
 

P → R:
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Direction indices [uvw] and Miller indices (hkl) when 
the lattice is indexed with respect to an R-centred cell

[u'v'w'] some fractionals

   
1 0 1
1 1 1
0 1 1

hkl h k k l h k l
 
      
 
 

-h'+k'+l' = -h+k+k-l+h+k+l= 3k 

EX

20 1 11
1 0 1

2 21 1 0

2

v w

u u w
v
w u v

 
 

    
              

 
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Obtain the reciprocal of an R-lattice (1)

P → R:

1
1 0 1 2 1 11
1 1 1 1 1 1

3 1 1 10 1 1

   
   
  

   

EX

a*P

c*P

a*P

c*P

a*N

b*N

c*N
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Obtain the reciprocal of an R-lattice (2)

X centred !

EX

a*P

b*P

c*P

a*P

b*P

c*P

3a*N

3b*N

3c*N
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● The restrictions on the Miller indices obtained when the direct 
lattice is indexed with respect to the coordinate system of an R-
centred cell, UR, (-h+k+l = 3n) are also the restrictions on the 
coordinates when the reciprocal lattice is indexed with respect to 
the reciprocal of UR, i.e. (UR)*. 

● The basis vectors defined by (UR)*, which is not a unit cell, define 
an X-centred unit-cell in reciprocal space, U*X.

● The restrictions on the Miller indices in direct space are 
transferred to the restrictions on Laue indices in reciprocal space 
and appear as integral reflection condition hkl: -h+k+l = 3n in the 
diffraction pattern.

ConclusionsConclusions

The reciprocal of an R-lattice
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Zonal reflection conditions
They affect one plane of the reciprocal space and 

show up in presence of a glide plane
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t/2 t/2

Zonal reflection conditions: witness of glide planes

https://doi.org/10.1107/S1600576715011206

https://doi.org/10.1107/S1600576715011206
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+ + +

- -

+ + +

+ + +

- -

- -

Direct space
In projection along the a axis the period along b 
seems halved

b

c

Reciprocal space
On the (0kl)*plane the period along the b* axis 
appears doubled.

Zonal reflection conditions: witness of glide planes

https://doi.org/10.1107/S1600576715011206Reflection conditions: 0kl : k = 2n

https://doi.org/10.1107/S1600576715011206
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Glide plane with glide component parallel to the plane

+ + +

- -

+ + +

b

c Primitive unit cell, n[100] glide plane
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b

c

Reflection conditions: 0kl : k+l = 2n

In this projection, the unit cell 
looks like A

Same as those of an A unit cell but only on the (0kl)*  plane

Glide plane with glide component parallel to the plane
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Serial reflection conditions
They affect one row of the reciprocal space and 

show up in presence of a screw axis
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t

t/4

Direct space
In the projection on the c axis the period 
appear reduced to ¼.

Reciprocal space
In the [001]* direction the period 
appears multiplied by four.

Reflection conditions ：
00l : l = 4n

Serial reflection conditions: witness of screw axes

https://doi.org/10.1107/S1600576715011206

https://doi.org/10.1107/S1600576715011206
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From reflections conditions to 
space groups
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hkl:k+l = 2n
0kl:k+l = 2n
h0l:l = 2n
hk0:h = 2n
hk0:k = 2n
h00:h = 2n
0k0:k = 2n
00l:l = 2n

Integral reflection 
conditions: centred cell

oA

Zonal reflection 
conditions: glide plane

hk0: perpendicular to [001]

h even ： a glide
a

[001]

Diffraction symbol ： A--a

Possible space-group types ： Am2a, A2
1
ma, Amma

Example 1: cell parameters a, b, c, a = b = g = 90°

Non-independent
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hk0:h+k = 2n
0k0:k = 2n
hhl:l = 2n
00l:l = 2n

Zonal reflection 
conditions: glide plane

hk0: perpendicular to [001]

h+k even ： n glide
n

[001]

Diffraction symbol ： Pn-c

Possible space-group type: P4
2
/nmc

No integral reflection condition tP

Zonal reflection 
conditions: glide plane

hhl: perpendicular to [110]

l even ： c glide
c110

Non-independent

Example 2: cell parameters a = b, c, a = b = g = 90°
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hkl:h+k+l = 2n
0kl:k = 2n
0kl:l = 2n
h0l:h = 2n
h0l:l = 2n
hk0:h = 2n
hk0:k = 2n
hhl:2h+l = 4n
hhl:l = 2n
00l:l = 4n

Integral reflection condition cI

Zonal reflection condition

hk0: perpendicular to [001],h even a
[001]

hk0: perpendicular to [001],k even

h0l: perpendicular to [010], h even

h0l: perpendicular to [010], l even

0kl: perpendicular to [100], k even

0kl: perpendicular to [100], l even

b
[001]

c
[010]

a
[010]

c
[100]

b
[100]

Zonal reflection condition hhl: perpendicular to [110], 2h+l = 4n ??

Example 3: cell parameters a = b = c, a = b = g = 90°
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hhl:2h+l = 4n

[110]

c

(a+b)/2

c/2

-
,

+

+

(a+b+c)/4

Direct lattice: (a+b+c)/4 Reciprocal lattice: h+k+l = 4n
(110)  h = k

h+h+l = 4n

dd[1[1110]0]

Example 3: cell parameters a = b = c, a = b = g = 90°
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Diffraction symbol: Ia-d

Possible space-group type: Ia3d

d110

hkl:h+k+l = 2n
0kl:k = 2n
0kl:l = 2n
h0l:h = 2n
h0l:l = 2n
hk0:h = 2n
hk0:k = 2n
hhl:2h+l = 4n
hhl:l = 2n
00l:l = 4n

Integral reflection condition cI

Zonal reflection condition

hk0: perpendicular to [001],h even a
[001]

hk0: perpendicular to [001],k even

h0l: perpendicular to [010], h even

h0l: perpendicular to [010], l even

0kl: perpendicular to [100], k even

0kl: perpendicular to [100], l even

b
[001]

c
[010]

a
[010]

c
[100]

b
[100]

Zonal reflection condition hhl: perpendicular to [110], 2h+l = 4n

Example 3: cell parameters a = b = c, a = b = g = 90°
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a
[001]

b
[001]

c [0
10

] a [0
10

]
c

[100]

b
[100]

d
110

Example 3: cell parameters a = b = c, a = b = g = 90°
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Example of symmorphic group (1)

hkl: h+k = 2n

0kl: k = 2n

h0l: h = 2n

hk0: h+k = 2n

C m m m
    b  a  n

In symmorphic space groups, zonal and serial reflection conditions never occur.
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4P m m
g

Example of symmorphic group (2)

hhl: h+h = 2n

However, h+h = 2h is always even!


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54

