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MATRIX CALCULUS

(brief revision)

Some of the slides are taken from the presentation “Introduction to Matrix Algebra”
of M. Rademeyer given at the School on Fundamental Crystallography,
Bloemfontein, South Africa, 2010



What is a ?

Definition:
» A rectangular array of numbers
e IN  roOws
« and columns
» S called an matrix A

Use boldface italics upper case letters to indicate
matrix, e.g. A, B, W.

An item in a matrix is
called an or




Sgquare Matrix:
An (n X n) matrix
# rows = # columns

Column Matrix:
An (m X 1) matrix
Row index changes

Row Matrix:
A (/ X»n) matrix
Column index changes

Index 1 is often omitted for column and row matrices.



Transposed Matrix A'

Let A be a (m X n) matrix

The (n x m) matrix obtained from

A= (4, by and
s called the transposed

matrix AL

Reminder: nEERE




Example 1:

Given that

determine AT




Symmetric Matrix

A square matrix is symmetric if AT = A
l.e. If A, = A, for any pair ik.

Symmetric with respect to
- Top lefit to bottom right




Aii=0, i=| ,2,3
as Aik=-Axi




EXERCISE 2.1.1 Problems

|. Construct the transposed matrix of the (3x1)
row matrix:

| | 3 | 4

2. Determine which of the following matrices are
symmetric and which are skew-symmetric:

1310 3|4 (2 ]-1 102 |0

A 0|2 B'-4| C_-I | D'-zo E'|
0|1 ]-2 3 | 2 0

F= (3) G=|-1]|0]3 H=|:] IE
2 [-3]0 1 | o 0




Matrix Calculations

Multiplication withia number (scalar product):
An (m X n) matrix A is multiplied with a
number A by multiplying each element with A:

}1....“111 }1....“112 P )\...“1]_;—,!
}1....“121 )\....“122 50 5 /\...“13;—,!

| ..'."Iil'lr]q_]_ ..'.'ilﬂr;!_i:'f & @ _{"117-].-1-].-1 | A.i'lil-lr-ﬁ_l A.iil-]-ﬂ_g & @ }Liq.-]-ﬂ_ﬂ_ .



Example 2:

Given that

determine 3A




Viatrix addition and subtraction:

Let 4, and 5, be general elements of matrices A and B.

A and B must be of the same size (I.e. same number of rows
and columns). Then the sum and the difference A + BIIs:

Apr Ap L Al By Bia ... By,
AE'_I_ AEE 2= a Aln BE]_ BEE 5 moa an

Aml Amﬂ voe Amn Bml Bm? O Bmﬂ

All T Bll f—llg - Blg “oa Aln -
C Bgl }122 T ng R Agﬂ -

- Ll Amﬂ - £ A'.'rﬂﬂ. -

Element C,, ofi Cis equal te the sum or difference of the
elements 4., and B, of A and B for any pair i,k4:
Cir = Ay = By




EXERCISE 2.1.2 Problems

|. Find 3A-2B, where
| | 2 | | 3

A=3T0| B 014

2. Show that the sum of any matrix and its
transpose IS a symmetric matrix, I.e.

(A+AT)T=A+AT

3. Show that the difference of any matrix and its
transpose is a skew-symmetric matrix, i.e.

(A-AT)T=-(A-AT)



\Viatrix multiplication

The multiplication ofi two matrices Is only defined
when:
- the number 7n,,,,,, Of columns of the left matrix is the

same as
- the number of m,,;, ,, Of rows on the right matrix
M 1ema) OF TOWS Of the left matrix

- I

- [

0 restriction

0 restriction

oI

on

rimay OF TOWS Of the right matrix

L columns ofi left matrix = #

. rows of right matrix




Viultiplication
Product of two matrices A and B:

TThe matrix product C = AB or

| C1k

1
= P

*"il-:rnl *"ilmi'- LR *"il-:rﬂ.j

ERoLEYilgl=To M)A Cix = Ai1 Bix + Ai2 Bog + ...+ Aij Bjx + ...+ Air Byy,




Examples: Matrix Multiplication

C'=D), i. e. matrix multiplication is not always commutative.

However, it is associative, e.q., (AB)D = A(B D)
and distributive. i.e. (A+ B)C=AC+ BC




Example 5:

Given that

1 2 0
A=IQ3

2 1 0

and C = AB.
Determine C.

Determine D=BA, check if C=D or not.




MVultiplication

Product of matrix A with column «:
Example: How to get element 4;:




Example 3:

Given that

1 2 0
A=|1 03) B =
2 1 0

5
5
6

and C = AB.
Determine C.




Multiplication
Product of matrix A with row a’;

Example: How to get elements d;and d,:




Example 4:

Given that

A=(5 2 4) B:(?

and C = AB.
Determine C.




EXERCISE 2.1.3 Problems

|. Find the products AB and BA, if they exist, where

A=I2 B=3-22

3| -4 | [ O | -1

2. Find the matrix products AB and BA of the row
vector A=| 1|23 |,and the column vector B=| -

3. Prove that A(BC)=(AB)C where

A=I2 B=| O [ -I C= 15

-1 [ 3 2 (1|0




Trace of a Matrix

The trace of a (z x n) square matrix A Is the
of the elements on the main diagonal.

II(A)Z A +Aoe+ ...+ A




Determinants

The determinant det(A) or |A| of A can be
calculated for any (» x n) square matrix.




Determinants

(3 x 3) matrix




Example 6:

Given that

Determine det(A).




EXERCISE 2.1.4 Problems

|. Find the values of the traces and the determinants
of A and B where

0|42
4 |-2f-1
51113

| | 2 —

A= B=

-1 | 3

2. Show that det(AB)=det(A)det(B) where

A= 312 B="l¢

5| | 219

3. Show that det(A)= det(AT) where

1| 1]3

A= 5151

3(2]3




Inverse of a Matrix

A matrix € which fulfills the condition CA = I

for a square matrix A, is the inverse matrix A1
of A, i.e. AAT = I.

A exists if and only if det(A) = O.
Not all matrices have an inverse matrix.

Assume that A exists. If CA=1I then AC= 1T
also holds.

A matrix is called orthogonal if A-'=AT,i.e. AAT=ATA=I




EXAMPLE

Inverse of a matrix A:

1] 2] 3
Find the inverse, if it exists of A, where A=|1]|3]5
(i) det A=3, det A+0 SRR
(i) (A-D) 1 (1/3)(-D*By=11/3
41213 T
Bii=det|{[3]s5]= det = ||
5 |12
[|5]12

(iii) (A-")12: (1/3)(-1)*2By,= -9/3

11]1-9] |

A'=1/3|7]1°]2] |Is it correct?
2 1-3] 1




EXERCISE 2.1.5 Problems

|. Determine the inverses of the following matrices:

d]0]o0 ol-1]0 olo] I
A=o[. 1o B=| oo C=]o]lo0
0olo] I 0|0]-1 ol1]o0
1 [-1]0 1] 1 o1 ]1
D= 1110 E= .1 F=[ o]
olo] I L {1 |- 1{1]o0

1 {210

2. Given that A= 7,15, determine A-! .




EXERCISE 2.1.5 Problems

1 [2(0
Given that A= 1,13 | determine A-! .
2 (-1(0
SOLUTION
/5] 0 | 2/5
A-l= 25| 0 |15
/15 1/3]2/15




SYMMETRY OPERATIONS
AND

THEIR MATRIX-COLUMN
PRESENTATION




Crystallographic symmetry operations

Symmetry operations of an object

The isometries which map the object onto itself are called symmetry operations of this
object. The symmetry of the object is the set of all its symmetry operations.

Crystallographic symmetry operations

If the object is a crystal pattern, representing a real crystal, its symmetry operations are
called crystallographic symmetry operations.

The equilateral triangle allows six symmetry
operations: rotations by 120 and 240 around its
centre, reflections through the three thick lines
intersecting the centre, and the identity operation.




Example:

Mirror symmetry operation
-~ Mirror line my at 0,y

1,0

Yx

. cIdrawmgfl"(l:M uII||an X Ny N N
oundations of Crystallogra _ _
éTaylor & Frangls 20(%8 k4 my — — |
Y Y
l N _ |
det =7 tr
Xf Xf I

Ny

m
Y ys ys




coordinatesystem:| {0, a,b,c}

O » O
X X
(X,y,2) (X,Y,Z)
X = Fi(x,y,2)

Wi+ Wiy + Wiz +w;
Worx + Waay + Waz 2z + wo
Ws1x + Wsay + Waz 2z + ws.

T
y —
Z



Wix+Wipy+ Wizz+
Waorx + Waoay + Waz 2 -
W31z + Waay + Was 2

|

WiiWiaWis\ [z
= | WarWaaWos | | y | +
W31W32W33/) \ 2




Matrix-column presentation of

Isometries
53 W11W12W13 £ w1
y| = | WorWoaWas | |y | + | w2
yA W31W32W33 Z W3
linear/matrix translation
part column part

r=(W,w)x or z={W|w}zx

matrix-column Seitz symbol
pair



EXERCISES Problem 2.2.1

Referred to an ‘orthorhombic’ coordinated system (a#b+c;

x=B=y=90) two symmetry operations are represented by the
following matrix-column pairs:

y 0 - 112
(Wi,wi)= | 0 (W2,w2)= | 0

- | 0 -1 (] 1/2
Determine the images X of a Can you guess what is the
point X under the symmetry geometric ‘nature’ of (Wi,w))?

operations (Wi,wi) where And of (W2,w2)?

0,70
X=| 03I Hint:
0,95 A drawing could be rather helpful




EXERCISES Problem 2.2.1

Characterization of the symmetry operations:

det I =7 tr | =

What are the fixed points of (Wi,wi) and (W2,w2) ?

-1 |/2 X Xf
I 0 yi | = | ys
- I | /2 Zf Zf




W,w -
dsomemry: x5

Wiz +Wipy+Wizz+w;
Waorz + Wasy + Wasz 2 + wo
Ws1x + Wiy + Wiz 2 + ws.

_ -left-hand side: omitted
-coefficients O, +1, -1

-different rows in one line

- | 112 -X+ |/2, Ys -z+1/2
. 0 >'{ )_(+|/2,y,E+|/2

-1 1/2

NSy N




EXERCISES

Problem 2.2.2

Construct the matrix-column pair (W,w) of the
following coordinate triplets:

(1) x.y.z (2) -x,y+1/2,-z+1/2
(3) -x,-y,-z  (4) X-y+1/2,z+1/2



Combination of isometries

(Uu) )
X e—>ro Y
x =Ux+ u;
Xx=Vx+v; (Wiw) (Viv)
x=V(Ux+u)+v; _
¥x=VUx+Vu+v=Wx+w. "X




EXERCISE 2.2.1 Problem

Consider the matrix-column pairs of the two symmetry operations:

0 |-l 0 y 1/2
(WiwD)=[ [ 1]o 0 (W2,w2)= | 0
1110 -1 {172

Determine and compare the matrix-column pairs of the combined
symmetry operations:

(W,w)=(W,w1)(W2,w2)
(W,w)'=(W2,w2)(Wi,w)

combination of isometries:

(V,v)(U,u)=(VU,Vu+v)



Inverse isometries

% (W,w)

@ m————— ) X
. —
X (C,0)=(W,w)-!

B I = 3x3 identity matrix
(C.c)(Ww) = (l,0) O = zero translation column

(C,c)(W.w) = (CW, Cw+c)

CV w:o

—-Cw—-W w



EXERCISES Problem 2.2.1(cont)

Determine the inverse symmetry operations (VW,w)-! and
(W2,w2)-! where

0 -1 0 | 112
(WiLwi)=t [ 1]o 0 (W2,w2)= | 0
o 11

Determine the inverse symmetry operation (VV,w)-!

(Ww)=(Wi,w1)(Wa,w2)

inverse of isometries:




EXERCISES

Problem 2.2.1(cont)

Consider the matrix-column pairs

010 1/2 010 0
4,0) = (100) | (1/2) ond (B, ) = (001) | (o)
001 1/2 100 0

(i) What is the matrix—column pair resulting from
(B, b)(A, a)=(C,c),and (A4, a) (B, b) = (D,d) ?
(ii) What is (4,a)~ %, (B,b)" %, (C,¢) ' and (D,d)~* ?
(iii) What is (B,b) ' (A, a)™ 1 7



\I/ \I‘J
1N Iy [T h & & 0|

| - - —
P 2 —
1 = °
e =
L -
~— N — = =
ST RSN -
(I\ N——
| |
>4 \J
\—, NIy Y |
= N~
A3

S




~
¢
SRS :/.71

S

W_l

(W)

(W)~

W
3 = Wo W,



EXERCISES

Problem 2.2.2 (cont.)

Construct the (4x4) matrix-presentation of the
following coordinate triplets:

(1) x.y.z (2) -x,y+1/2,-z+1/2
(3) -x,-y,-z  (4) X-y+1/2,z+1/2



CRYSTALLOGRAPHIC
SYMMETRY OPERATIONS



Crystallographic symmetry operations

fixed points of isometries (VWV,w)X=Xs

characteristics: ,
geometric elements

Types of isometries preserve handedness

identity: the whole space fixed

translation t:  no fixed point X =X+t

rotation: one I?ne ﬁxgd b=k x 3600/]\7
rotation axis

no fixed point
screw axis screw vector

screw rotation:



Translation

X1 T W1
C X=\| x+wy
A X3 + W3

©  Ulrich Mueller x3

Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012



/ Rotation (around an axis) \
2

T

Rotation of order n = rotation by ¢ = -

tz
/%—PX'V
Xl’yl' Zl n ;
O >y

X

(cosp -sing 0

a(n)=|sinp cosp O Det = +1
N Ry




Rotations

axes of rotation

p i p

(©  Ulrich Mueller
Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012



Crystallographic symmetry operations

Screw rotation

n n-fold rotation followed

by a fractional
P, X : b
: translation = ¢ parallel

to the rotation axis

. XP,
I
nt ’L,—é;z"'*""P Its application n times
p results in a translation
\ P, parallel to the rotation
‘ axis
27




2
(©  Ulrich Mueller
Sy mmetcy Relatlonshlps between
ry

stal Structures
Clarendon Press Oxford 2012

Screw rotations

S

A

CE
S

M



©  Ulrich Mueller
Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012

44

Screw rotations




The various rotation and screw axes and their symbol

symmetry axis

graphic
symbol

nature of
the screw
translation

printed
symbol

symmetry axis

graphic
symbol

nature of
the screw
translation

Identity

Inversion

none

none

AR IR A AR e

Rotation diad

or twofold
rotation axis

SRsiE st AR AR

Screw diad

or twofold
screw axis

R AR R R Ry

A AR R AR R AR

a/2 or b/2

----------------------------

Rotation tetrad

Screw tetrads

B P P TR TE T TR

Inverse tetrad

none
c/4
2c/4

3c/4

none

| Rotation friad |

Screw triad

Inverse triad

none

¢/3
2c/3

none

-------------------------------

Screw hexads

Rotation hexad

Inverse hexad

QQQQpQQ @§0&

none

c/6
2¢/6
3¢/6

4c/6

5c¢/6

none




do not

Types of isometries
YP preserve handedness

centre of roto-inversion fixed

roto-inversion: . . .
roto-inversion axis

inversion: centre of inversion fixed

plane fixed
reflection/mirror plane

reflection:

no fixed point

glide reflection: . |
glide plane glide vector



/ Inversion (through a point) \
tz

X,V Ze®
‘/O\‘\ >y 1
X ® —XI -},; — s

a crystal which has the inversion
symmetry is called cenfrosymmeftrical.

-1 0 OO

al)=|0-10 Det = -1
N




/ Roto-inversion \
(around an axis and through a point)

Rotation followed by an inversion

Z
X',y 2Q|n -
o) >y

X .—X" _yl’ —Z'

\
\

(-cos@ sing 0O )

a(n)=|-sinp -cose¢ O Det = -1
NGO Y,




Rotoinversion

image point X = | X, | withX3 = —x3

Xy  starting point x =

©  Ulrich Mueller vya
Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012



«— axes of rotoinversion —»

4

©  Ulrich Mueller
Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012



/Reflec'rion (through a mirror plam

4
X,V Z

/Y

®X Yy -2

)

"".'l""'.

Note that: m=2 [

1 0 0°

al)=| 01 0 Det = -1
\ 0 0 -1, /




Reflection

ﬁ starting point x =
A3
X2
0 A —X3
+ —>>
®

©  Ulrich Mueller
Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012

image point X =



Crystallographic symmetry operations

Glide plane
> > reflection followed by a
T ok Ifractional translation
: 5 t parallel to the plane
P’ 4o P, Its application 2 times

results in a translation
parallel to the plane



Glide reflection

X1
i starting point x = | xp
X3
X3
- xl x2
™
I
g . ~°
image point
X118
X = X)

©  Ulrich Mueller
Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012



R

>~ mirror plane

\’g

©  Ulrich Mueller
Symmetry Relationships between
Crystal Structures
Clarendon Press Oxford 2012



The various symmetry planes and their symbol

. graphical symbol
ted
z;lr?\bil symlme'rr-y hormal to parallel to nature of
prane plane plane glide translation
of projection| of projection
m |reflection
plane (mirror) _‘ J none
a, b wial | -0 -- | ] ) | a/2 or b/2
lide plane
4 J Prane 1 . none c/2
. . (a+b)/2, (b+c)/2 or
L d;ﬁﬁgﬂ('nﬂ;‘)’e TR ] (c+a)/2: OR (a+brc)/2
for tand ¢ systems
“diamond" % (aib)/4, (bi‘.C)/4 or
d glide plane | ===~ 717\ (cta)/4; OR (atbxc)/4

for tand ¢ systems




Matrix-column presentation of
some symmetry operations

Rotation or rotoinversion around the origin:

Wi | Wiz | Wis 0 0 0

Wai | Wa | Wa 0 0 0

Wi | Wan | Wss 0 0 0

Translation:

wl X x+w

w3 z z+w3

Inversion through the origin:

-1 0 X -X




GEOMETRIC INTERPRETATION
OF THE MATRIX-COLUMN

PRESENTATION OF
THE SYMMETRY OPERATIONS




e ()~
(W)
2
2

3 -3 -2 -1
type 1 6 4 3 1 6 4 3
order 1 6 4 3 2 6 4 6

cosp = (tr(W) —1)/2



EXERCISES Problem 2.2.2 (cont.)

Determine the type and order of isometries that
are represented by the following matrix-column
pairs:

(1) x,y,z (2) -x,y+1/2,-z+1/2

(3) -x,-y,-z  (4) x-y+1/2,z+1/2

(a) type of isometry

det( W) = +1 det( W) = —1
tr(W)|(3 2 1 0 -1|-3 -2 -1 0 1

type 1 6 4 3 2 1 6 4
order 1 6 4 3 2 2 6 4

S W
(\W)
|
S




EXERCISES

Problem 2.2.1(cont.)

Consider the matrix-column pairs

010 1/2 010 0
4,0) = (100) | (1/2) ond (B, ) = (001) | (o)
001 1/2 100 0

(i) What is the matrix—column pair resulting from
(B, b)(A, a)=(C,c),and (A4, a) (B, b) = (D,d) ?
(ii) What is (4,a)~ %, (B,b)" %, (C,¢) ' and (D,d)~* ?
(iii) What is (B,b) ' (A, a)™ 1 7

(" . o . h
Determine the type and order of isometries that
are represented by the matrices A, B, C and D:

.

J







Direction of rotation axis/normal

Example:

(Wiw)=

0

0

0

0

1/2

0

0

1/2

det W=?
tr W=?

What is the type and order of the isometry?
Determine its rotation axis?

(Y(W) =Wkl + Wk2+ +W+] |

Y(W)= L




EXERCISES Problem 2.2.2 (cont)

Determine the rotation or rotoinversion axes (or
normals in case of reflections) of the following
symmetry operations

(2) -x,y+1/2,-z+1/2 (4) x,-y+1/2,z+1/2

rotations: Y(W) = Wk-1 + Wk-2 + + W + |

reflections: Y(-W)=-W+I



det(Z): Z = |u|x|(det W) W x|

X non-parallel to U



Sense of rotation

Example: (Ww)z(o ) det W=Itr W=I
010 | 1/2 w=400|

What is its sense of rotation?
{ det(Z): Z = |u|z|(det W) W(E]J
det Z=?

0 ! 0 I 0 | 0 I 0

u=|°| X=|°| WX=|-1]o]o]]o Z= 0o

| 0 010 I 0 I 0110

What is the sense of rotation of the operation
-y, X-y+1/2,-z+1/2



Fixed points of isometries

[ (Ww)X=Xs |

/\

__solution: NO solution:
point, line, plane or space

- | 0 0 0 I 0 0 0
o1 ]o 0 y | =1y o1 ]|o|[|m y
0 0 | -I 112 z z 0 0 | -I 1/2
Fixed points?
4 \

wi

translation part w= |~

7N

location

INtrinsic
(screw, glide)
\_




Fixed points of isometries

[ (Ww)X=Xs |

ixed points?

- | 0 0 0 X X -1 0 0 0
of 1 foffo 2 Bl I ol B N N | =
oo |-1][]mn 010 -1 [["
- solution: NO solution:
point, line, plane or space
( )

translation part w= |

N

location

INtrinsic
(screw, glide)
\_




Glide or Screw component
(intrinsic translation part)

(W,w)k= (W,w). (W,w). ... .(W,w)=(lt)

(W, W)k=(WK (Wk-1+__+ W+Dw) =(I,t)

screw rotations : ( t/k=1/k (Wk!+_ .+ W+l)w)

1
glide reflections: t/ k= 5( W +1)Ww



EXERCISES Problem 2.2.2 (cont.)

Determine the intrinsic translation parts (if
relevant) of the following symmetry operations

(1) xy,z (2) -xy+1/2,-z+1/2
3) x,-y,-z  (4) X-y+1/2,z+1/2

screw rotations: t/k=[/k (W«!+..+ W+I)w

glide reflections: ¢/k — %( W+ Iw



Fixed points of (W,w)

S (W, w)er =
S (W, w)er = o

wy, = w — t/k




EXERCISES Problem 2.2.2(cont.)

Determine the fixed points of the following
symmetry operations:

(1) x.y.z (2) -xy+1/2,-z+1/2
(3) -X,=Yy-Z (4) X,')"" I/Z, z+1/2

fixed points: (W, wy,)xzr = xp



Example SOLUTION

(i)
| 0 y 0
(Ww)(1)= | 0 (Ww)(2)= | 112
|| o 1|12
y 0 | 0
(Ww)(3)= y 0 (Ww)(4)= y 112
1|0 | {12

(ii) ITA description: under Symmetry operations

(1)

(2) (3) (4)
2(0,3%,0) 0,y,+ 10,0,0 c=z7,2




international Tables for Crystallography (2006). Vol. A, Space groi

5
P2, /c G, 2/m r
No. 14 Pl 21 / cl Patterson sy

UNIQUE AXIS A, CELL CHOICE |

1,
<
0 o

a 0
;
' /
_/
1

o

—

EXAMPLE

|

c

—

t

' '

s

_3 -
e o —w — v — —
Q

¢

4

/
¢
!

¢

O

— e e o— — -ﬂ

Q

Generators selected (1); #(1,0,0); ¢(0,1,0); ¢(0,0,1); (2); (3)

Positions

Multiplicity, Coordinates
Wyckoff letter,

Site symmetry

Matrix-column
presentation

(1) x,y,2 (2) £ y+3.2+3 (4) x5+ 5,2+

operations

(2) 2(O: %’O) Oa)'a 3

~ Geometric
interpretation

Space group P2,/c (No.

|1 4)



