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POINTS and THEIR COORDINATES

Affine 3D-space:

formed by the set of all columns of three real numbers
represents all points of the point space

Point space + Coordinate system

c. Fig. 1.1.1 Point P in a coordinate sys-
tem {O,a,b,c}. The end points A, B
and C of the arrows determine the dif-
ferent unit lengths on the lines a, b and
c c, respectively. The coordinate points

are X,, Y, and Z,; the coordinates of

) ) ’ Pare
e ' ( )/ (OB) and
A = (02.)/(0C).
T L1
x=| vy | =[ = , » to each point P
z L3

a triplet of coordinates



Vector coefficients

3D vector spaceV:
{ri, r,r3}: set of linearly independent vectors or basis

r=A\ri+ \ara+Asrs: VI"EV, AieR

N vector coefficients of r with

N respect to the basis {ri, ¥, r3}

A3

Y
r=XY
O
X
Y1 — T T Y1

r= Yo — Ty |, where x = To and y = Yo

Yz — I3 I3 Ys






Lattice parameters (3D)

basis vectors: {a|, a, a3}
unit cell: parallelepiped defined by
the basis vectors

i Definition (D 1.5.3) The quantities

ay = |a;| = ++/(a1, a1), ay = |ag| = +4/(az, az),
az = |ag| = ++/(as, a3),

ay = arccos (|ag| “t|ag| ! (az , a3)), ap = arccos (|ag| |a;| 7! (az, a1)),

and a3 = arccos(|a1|"1|a2|_1(a1 , a2))

| are called the lattice parameters of the lattice. )

Remark: the/lengths of basis vectors are measured in

A (IA=10-9m) pm (Ipm=10-2m) nm (Inm=10- m)



METRIC TENSOR (FUNDAMENTAL MATRIX)

Given a lattice L with a lattice basis: {ai, a2, a3}

Metric tensor G

B ; la G |G| G
G ={a, az, a3}". {a|, az, a3} | 13132 3}= Gy |G [ G
G3i [ G32 [ G33

a3

(Gik=(ai,ak)=aiakcosoa,

Metric tensor G is symmetric: Gi=Gi
Metric tensor G in terms of lattice parameters

il a’ abcosy accosp
b-¢c| G=|abcosy b’ bc cos
c-C

d4-a4 a-
G=\|b-a b-
c-a c- accos B bccosa c?

o



Crystallographic calculations:Volume of the unit cell

2.6.3 The volume of the unit cell

The volume V of the unit cell of a crystal structure, i.e. the body containing all
points with coordinates 0 < z1, z2,x3 < 1, can be calculated by the formula

( det(G) = V2. ) (2.6.5)

In the general case one obtains

Gi1 Gz Gi3
VZ=| Ga1 G2 Gaz |=
Gs1 Gs32 Gss
= a’b%c? (1 — cos? o — cos? B — cos® v + 2 cos a.cos B cos ). (2.6.6)

The formula (2.6.6) becomes simpler depending on the crystallographic symmetry,
i.e.on the crystal system.



EXERCISE Problem 2.1.6

Write down the metric tensors of the seven crystal systems in
parametric form using the general expressions for their lattice

parameters. For each of the cases, express the volume of the
unit cell as a function of the lattice parameters.

For example:
tetragonal crystal system: a=b, ¢, x=F=y=90

a2 010
G = 0la2lo0 V:?




no conditions

TRICLINIC

a.b.c.a.B.7) (ANORTHIC)
e - ot

?(J—byc_ 9%0 B. 90} MONOCLINIC
a=>hb.

= =90°
3 = ?20" HEXAGONAL
{a, a, ¢, 90,90, 120
a=b=c,
a=B=1y RHOMBOHEDRAL
la.a.a.a. a, a) (TRIGONAL)
-

a’ abcosy accosp
G = | abcosy b’ becos a
accos B bccosa c?

g

a=p=y=90°
{a, b, ¢, 90,90, 90)

ORTHORHOMBIC

TETRAGONAL

CUBIC

a ’

|
[
e | ._a

V2=det G=
=a’b’c? (1 — cos? a — cos? 3 — cos® y + 2cos acos 3 cos ).

~

J




Problem 2.4.5 (a) SOLUTION
METRIC TENSORS

Lattice parameters Metric tensor
Bravais Relations of the
lattice* | Conventional Primitive Conventional Primitive/transf.} components Projections
ab.c ab.c gu gi2 g3 g &2 g1 | ] | |
aP a, 3’ y Q’ .’ N 82 8&xn 8n &xn | '
. e g3 £33 A A |
“l/‘\’\ ‘\L‘\/K
X ~
a9 ~—@d-
/ X(Y)
ab.c gn 0 gn , ;}
mb By =7y =90° gz 0 ."
833 A ,.J)
o101
Y gu 0 g rZ(X)
q n— ~— O g2 0 N
Bia=y=90 £33 P((’) 11 =‘%(811+822)
81 = (811 — 82)
. 813 = 3813
e ar = a,c g & 8 c
v, = | ] ! ,
833 82 = 2(811 - 312)
g13 = 2813




Problem 2.4.5 (a)
METRIC TENSORS

SOLUTION

Lattice parameters

Metric tensor

Bravais Relations of the
lattice* | Conventional Primitive Conventional Primitive/transf.t components Projections
@ o Y
oP a,b,c s 0, 3
(X — 3 — '}' — % 322 |
833
@ 01
X
P(C)
g = (81 +82) o
oC a) =az,c g &2 0 812 = 3(81 — g2) t @
(oS) v, = 3 =90° 0 ,
8 g2 gu = 2(8'11 + 8:12) '
N g2 = 2(g), — &) q% —Q)
a,b.c &N 0 8 s 1
ay =ay = ay 833 N 813 = 3(—&u + 82 — gxn) b
| =ay = a3 5 o. o e _ 1 l
§ 8z & g = 3(&g11 — g2 — g33) | |
01 Cx, !'3;’:' _g g," ' @ l
cos o + cos 3 2 ' ’ ; l
€ o —p g1 —_2(812—813)
cosy = —1 g ! ! | é
=g, +g+gh g2 = —2(gp -833) 1\. \.L
127018 08 | gay = —2(gl; + &) )
ab,c P(F) g 18
Cx, ;3”\.’ -~ ' 112 R D 01— P W— )
—a* + b + ¢ g &n &) 813 = 82 a)— 9{),-
cosa = She 8 8 83 = 4 811 , 1
oF 2 3 2 &3 ("7:' bl\ 3@
T 5 , I : 1
cos = ——— 81 =81+ &3 g =4gxn Al R |
@+ b - 82 =g +8x 822 =41 ‘Oy‘)\.— ———0)
Cosy =——F——F— — of ' g3 = 48y, '
2ab 83 =813~ 8xn




METRIC TEN

Metric tensor
Bravais o o i
lattice* | Conventional Primitive Conventional Primitive/transf.t | components Projections
0 0 4
gu
a, =a,c
o a=f=vy=90° gn 0
g3
a, = az, ¢ g g?. g
g1
812 = H(—2811 + g3)
a) =da; = ay 8 8'12 8"13 8’l3=—333
Zeosacosy =l ¢ g1t = 2gi + £13)
= —4
g =—(g+2h) [*° s
P(R)
& = !i((3851 + gn)
hR a) =;2=03 g g, &, 8’12-9-2811-*-833)
==
8= +
a, = ax,c g _.k“ 0 11 12
a=[=590° gn 0
7 =120° 833
Il gn —%u 0
" R - gn 0
o= 1207 -




Example METRIC TENSORs  SCLUTION

Lattice parameters Metric tensor
Bravais Relations of the
lattice* | Conventional Primitive Conventional Primitive/transf. components Projections
l\o"'/u e — »-4\0?'/0,.
p a), = da; = ay 8 0 3 |
& (x = 3 = = %:: g |
gu | 1
fr;\’ B
P l £TS o )
( ) .‘o",_ =d \1,?)_ _4Q i»)o
| |
a) =a; = a; £ 0O 0 ’ ’ ’ | A . ]
cl G =@=0aG |g=f=y=109.5° g 0 g1 —.ltgn —}l\g’u g = 33,“ w @ 02
= 3 =~ = 90" cosa = —L a1 gu  —¥n g1 =38 l I
o 0)—2—0)
A
) &—@—Gy
| |
’ 1./ 1./ A - l
a) =a; = a; g 2u ¥En g =8 G 01 (62
cF a < 4 1 1 - 13 ‘,1/ L
a=0==60° g Eg:ll g1 =284 | 1
8l 0)— @03
A A

* See footnote to Table 9.1.7.1. Symbols in parentheses are standard symbols, see Table 2.1.2.1.
t P(C) = %(110/110/002),1’(1) = %(lll/lll/lll).P(F) - %(011/101/110).?(1{) = 1(121/211/111).



Basis transformation Crystal Lattices

2D square lattice lattice bases and their relations

L=z =[(")imnez] = (1) »=(9)
e o o o o o o ' o a’=(_12), b"=(_32)

- . . . . - o" .

- - - - - - - - a= —3a’ — 2b’ =

What is P? And P-!

(a’,b, ) = (i—l, b, ¢c)P P, P-':integral matrices

i —————————————————— (ot P=2
(a,b,c) = (a’,b,c)P' det P'=1/det P



Transformation properties of G under basis transformation

basis transformation:

({a’|, a’», a’:}={a, ay, a3})P

G ={a’, a’>, a’}'.{a’,a’, a’:}= PT{a;, ay, a3}".{a;,a),a:} P

G=PTGP
Example T
—t AT P=1/2[1 -]
........ e h e cl L . cP
S 1 To]o 3 [ -1 [ -
G=a2| 0 | | | 0| Gp=a%4| -l | 3 |-l
< o O O -I -I 3




EXERCISES Problem 2.4.6

............... ’ \ A body-centred cubic lattice (cl) has as its

K . conventional basis the conventional basis
\ \ (ai,bi,€1) of a primitive cubic lattice, but the
O i (; ° lattice also contains the centring vector

a b, : .
'\\ ? | 2ar+ 1/2by+1/2¢; which points to the
g centre of the conventional cell.

Calculate the coefficients of the metric tensor for the body-centred
cubic lattice:

(i) for the conventional basis (ai,bi,c€i);
(i) for the primitive basis:
ap=I|/2(-ai+bi+ci), bp=1/2(ai-bi+ci), cp=1/2(ait+bi=ci)

(iii) determine the lattice parameters of the primitive
cell if a=4 A



EXERCISES Problem 2.4.7

A face-centred cubic lattice (cF) has as its
conventional basis the conventional basis
(ar,br,CF) of a primitive cubic lattice, but the
lattice also contains the centring vectors
|2bg+ 1 /2¢€k, |/2ap+1/2¢Ck, |/2aF+1/2bF,
which point to the centres of the faces of

the conventional cell.

Calculate the coefficients of the metric tensor for the face-centred

cubic lattice:

(i) for the conventional basis (ar,br,CF);
(i) for the primitive basis:
ap=1/2(brt+cF), bp=1/2(artcg), cp=1/2(art+bF)

(iii) determine the lattice parameters of the primitive
cell if ar=4 A






Crystallographic calculations: Distances or Lengths

Y

{al’ a, a3} r=XY=ria;+rmaz+rias, ricR

—
r=XY Y1 — T1 T Y1
O r=| y2—zy |,where x=| zo | andy=| ¥
X Yz — T3 I3 Ys

Iength rof F: r2=(r, r)=(riai+rax+rias, ria;+rax+rias)

r’=(riai,riai)+ (r2azraz)+ (r:as,rias)+2(r.azrias) +2(r:as,riai) +2(riai,raz)

\ J/ - ~ 7 ~

[ r2=r2a|2+r2a72+r32a32+2rri3azazcosX | +2r3rijaza|cosOr+2riraj azcosoh]

orthonormal basis (aj=a;=az=|1, o= 2= x3=90):




Crystallographic calculations: Distances or Lengths

Given a basis:
{ai, az, a3}

length r of r: r2=(r,r)

Y

[ r2=r|2a|2+r22a22+r32a32+2r2r3a2a3c050(|+2r3r|a3a|c050(2+2r|r2a|azc050(a

Fundamgental matrix
(metric tensor)

G| G2 | Gi3

G= |Gy |Gn |G
G3 | G32 | G33

Gi=(ai,ar)=ajakcosX;,
Gik= Gki

length of a vector:

r2=(r, r)=r'Gr

. ,

orthonormal basis
(a1=a2=a3=|, ai= o= ®3=90): G=I

( r2=r'Gr=r'r )




EXERCISE Problem 2.1.7a

For a crystal with lattice parameters
{3A, 4A, 6A,90°120° 90°} (i.e.a monoclinic crystal),
compute the length of the main body diagonal of the

unit cell.
Calculate the volume of the unit cell.



EXERCISE Problem 2.1.7b

A crystal with lattice parameters
{2A, 2A, 3A, 90°,90° 90°} contains among others,
atoms at positions with fractional coordinates

(1/2,1/3,1/4) and (1/3,1/2,3/4).
Compute the distance between the two atoms.

Hint: the distance between any two points in a crystal

equals the length of the vector connecting those two
points



t
Fig. 1.6.1 The bonding angle ® be-
o X tween the bond vectors
S “——~ SX =rand SY =t.
(r,t) = |r||t| cos® = rt cos®,
r 11 a% + roto ag + r3 i3 ag + (rots + r3tz2) az agcosai+
+ (r3ty + 71 t3) a1 az cos as + (r1 t2 + 12 t1) a1 as cos as.
i ° 1/2 ° 1/2 ° w
cos ® = ( Z Gk Ty Tk) ( Z Gir t; tk) Z G Titr
i)k=1 Z,k=1 z,k:l
\ y

rtcos® =rity + rots + rats,

r N
rit1 + rote + r3t3
Tt

cosd =




Crystallographic calculations: Bonding angle

Given a basis:

{al , A2, a3} Fig. 1.6.1 The bonding angle ® be-

tween the bond vectors
S X =rand S Y =t.

bonding angle:
Fundamental matrix
(metric tensor) (r, t) =[r[[t| cos® = rt cos®,
G |G| Gis (I",t)=I‘TGt
G=| G2 |G| G2
G3) | G32 | Gss [COS‘I) _ (rTGr)—l/Q (tT Gt)—1/2 rTGt.]

Gi=(ai,ax) =ajakcos K;,
Gik= Gki



EXERCISE Problem 2.1.8

In a cubic crystal with lattice parameter a, an oxygen
atom is present at the position (0,0,0); this atom is
bonded to two titanium atoms, located at the positions

(1/2,1/2,0) and (1/2,0,1/2). Compute the angle between
these two bonds.

Hint: The angle between the two bonds corresponds to the
angle between the two direction vectors parallel to

these bonds; in this case the direction vectors are
r=(1/2,1/2,0) and t= (1/2,0,1/2).



EXERCISE Problem 2.1.8

Consider a monoclinic crystal with lattice parameter
a=4A, b=6A, c=5A and 3= 120°.What is the angle
between the [101] and [201] directions?



COORDINATE
TRANSFORMATIONS

IN
CRYSTALLOGRAPHY




Co-ordinate transformations

3-dimensional space

. (a, b, c), origin O: point X(x,y, 2)

ep) |

(a’,b’,c’), origin O’: point X(z',y’, 2’)

Transformation matrix-column pair (P.p)

(i) linear part: change of orientation or length:
(a’,b’,¢) = (a,b,c)P
Pyy Pz Piz\ = (Pua+ Pyb+ Pse,
= (a,b,¢)| Py Py Py Ppa + Pnb + P,
P3; Py P33 Piza+ Pyb + Pssc).

(i) origin shift by a shift vector p(p1,p2,p3):
O=0+p the origin O’ has

coordinates (p1,p2,p3) in
the old coordinate system



b (a',b',c") =(a,b,c)

X (a,b,c)=(a',b',c"

X =(3/4,1/4,0)

X' - (2

Write “new in terms of old” as column vectors.



EXAMPLE

(12 12 0
(a',b',c")=(a,b,c)| -1/2 1/2 0O

\O 01/
[

1
(a,b,c)=(a',b',c")| 1
0

X =(3/4,1/4,0)

X'=(1/2,1,0)



EXAMPLE

X =(3/4,1/4,0)

X'= (20

Linear parts as before.



EXAMPLE

p=| 1/4
\ 0

g=| -3/4
L0
=(3/4,1/4,0)

X'=(1/4,1/4,0)

Linear parts as before.



Transformation matrix-column pair (P.p)

_ 1/211/2( O 1/2 | | | O | |14
(Pp)=( [2[12] 0] |14 Pp)'=( 7110 [
0| 0| I 0 0|0 I 0
a’=1/2a-1/2b > asatD’
’=1/2a+1/2b b=-a’+b’
c’:c a,/av/)\?, C=C’
— a -1/4
O’=0+ |14 O0=07+ -3(;4
0




Transformation of the coordinates of a point X(x,y,z):

(X)=(Pp)-'(X)

=(P',-P'p)X) [

special cases

-origin shift (P=I):
-change of basis (p=o0) :

P

P2

Pi3

pl

P2

P22

P23

P2

P3|

P3

P33

P3

r' =T —Dp

1
=P

Transformation of symmetry operations (W,w):

(Ww)=(Ep) ' (Ww)(Fp)

Transformation by (P,p) of the unit cell parameters:

metric tensor G:

G=PtG P




Short-hand notation for the description
of transformation matrices

Transformation matrix: (a,b,c), origin O

Pii | P2 | Pis [| pl

° (P,P)= P21 | P22 | P23 || p2

P31 | Ps2 | P33 (| p3

(a’,b’,¢?), origin O’

-written by columns
notation rules: -coefficients 0, +1, -1

-different columns in one line
-origin shift

I -1 -1/4

example:  —— { a+b, -a+b, ;- 1/4,-3/4,0




EXERCISES Problem 2.1.14

The following matrix-column pairs (W,w) are
referred with respect to a basis (a,b,c):

(1) x,y,z (2) -x,y+1/2,-z+1/2
(3) -%,-y,-z  (4) x,-y+1/2,z+1/2

Determine the corresponding matrix-column pairs
(W’,w’) with respect to the basis (a’,b’,c’)= (a,b,c)P,
with P=c¢,a,b.

Determine the coordinates X’ of a point X=| 070
with respect to the new basis (a’,b’,c’). 03!

0,95




