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SPACE GROUPS

AND
THEIR SYMMETRY RELATIONS




SPACE GROUPS

Crystal pattern: infinite, idealized crystal structure (without
disorder, dislocations, impurities, etc.)

Space group G: The set of all symmetry operations (isometries)
of a crystal pattern

Translation subgroup H<]G: The infinite set of all translations
that are symmetry operations
of the crystal pattern

Point group of the The factor group of the space group

space groups Pg: &ll\jﬂglfgulibe_rplebét fo the translation



INTERNATIONAL TABLES FOR
CRYSTALLOGRAPHY

VOLUME A: SPACE-GROUP SYMMETRY

Extensive tabulations and illustrations
of the |7 plane groups and
of the 230 space groups

*headline with the relevant group symbols;

*diagrams of the symmetry elements and of the
general position;
Volume *specification of the origin and the asymmetric
unit;
*list of symmetry operations;
*generators;

s smmery *S€NEral and special positions with multiplicities,
saed by MoslAoe  Sit€ symmetries, coordinates and reflection
Sixth edition Conditions;

*symmetries of special projections;
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HERMANN-MAUGUIN
SYMBOLISM




Short Hermann-
Mauguin symbol

Crystal class
Schoenflies (point group) Crystal

symbol | system
N 11 v
OCmm 2 v mm?2 Orthorhombic
2| No. 35 Cmm?2 Patterson symmetry Cmmm
Number of Full Hermann- Patterson
space group Mauguin symbol symmetry




Hermann-Mauguin symbols for space groups

secondary tertiary
direction direction
|
— ¥
Oﬁrhomblc ,/P)z‘/"
Bravais lattice ~ Screwaxisg //a sc.r'ew axis 2y // f
glide plane n L a glide planea L ¢

screw axis 2 // b

mirror plane m L b



| 4 Bravais Lattices

crystal family

Lattice types

triclinic Z@
_—
monoclinic b F.EI
a =

orthorhombic

tetragonal

hexagonal

cubic




Hermann-Mauguin symbols for space groups

Directions that belong to the same set of equivalent symmetry directions are
collected between braces. The first entry in each set is taken as the
representative of that set.

Symmetry direction (position in Hermann—
Mauguin symbol)

Lattice Primary Secondary Tertiary
Triclinic None
Monoclinic® [0O10] (funique axis b7)
[O01] (funique axis c¢’)
Orthorhombic [100] [010] [O01]
Tetragonal [001] [100] (110
(010] 110
Hexagonal [001] 100 (110]
010, 120
110)] 210)]
Rhombohedral [001] 1 OO;
(hexagonal axes) 010]
110]
Rhombohedral [111] (110]
(rhombohedral axes) O011]
101]
Cubic [100] 111] (110] [110]
[010] 111 [011] [011]
[001] 111] [101] [101]
| [ | 1111 | [




SPACE-GROUP

SYMMETRY
OPERATIONS




Crystallographic symmetry operations

fixed points of isometries (VWV,w)X=Xs

characteristics: ,
geometric elements

Types of isometries preserve handedness

identity: the whole space fixed

translation t:  no fixed point X =X+t

rotation: one I?ne ﬁxgd b=k x 3600/]\7
rotation axis

no fixed point
screw axis screw vector

screw rotation:



do not

Types of isometries
YP preserve handedness

centre of roto-inversion fixed

roto-inversion: . . .
roto-inversion axis

inversion: centre of inversion fixed

plane fixed
reflection/mirror plane

reflection:

no fixed point

glide reflection: . |
glide plane glide vector



Matrix formalism

ﬁf W11W12W13 £ w1
y| = | WortWoaWos | |y | + | w2
yA W31W32W33 Z W3
linear/matrix translation
part column part
r=— Waux+w

r=(W,w)x or z={W|w}zx

matrix-column Seitz symbol
pair



Space group Cmm?2 (No. 35)

Diagram of symmetry elements How are the symmetl"y Oper’atiOnS
represented in ITA?

Symmetry operations

For (0,0,0)+ set

(D1 (2) 2 0.0,z (3) m x,0.z 4) m 0,y,z
For (1,%.0)+ set

(1) 1(3,3.0) (2) 2 332 (3 a x7.z @ b :.yz

Diagram of
general position points

General Position

Coordinates

(0,0,0)+ (1,1,0)+

(1) x,y,z (2) x,¥.z (3) x,¥,z (4) x.v,z




General position

(i) coordinate triplets of an image point X of
the original point X= [xJunder (W,w) of G

z

-presentation of infinite image points X under the
action of (W,w) of G

(ii) short-hand notation of the matrix-column pairs
(W,w) of the symmetry operations of G

-presentation of infinite symmetry operations of G
(Wiw) = (l,tn)(W,wo), 0=wio<I




Space Groups: infinite order

Coset decomposition G:Tg __J

(L)  (Waw2) ... (WmWnm) o (Wiwi)
(Lt1))  (Wawatt)) ... (Wmwmttl) ... (Wiwitt))
(ltz)  (Wawatt) ... (WmwWntt2) ... (Wiwitty)

(L)  (Wawatt) ... (Wmwmtt) ... (Wiwitt)

Factor group G/Ta

isomorphic to the point group Pg of G
Point group P = {l, W2,Ws5,...,Wi}



EXAMPLE Coset decomposition P2/c:T
/—) (, Point group ?

=

D xyz  @QEy+iLz+: BEHZ @ xFhz+!

b

w 9 (._J
/ f

N

(1,0) -(2,0 /o /) (1,00 (m,0 2 A)
(Lt) 2,02 '%+) (Lt) (M0 %2 Y2 +t))
(| tz) (2,0 I/2 % +t2) (_ t2) (m 0'2 I/2 +17)

(I tl) (2,0 I/Z /2 +tl) (B9 (m 0> I/2 +t;)
Ig\éii;:séll?sn (T’PCI r): | at p/2,q/2,r/2

(2,0 Vatv Vo)
2iSCrew 3y Yoty o +w)

aXxes
\ (2,u 2 /2 +w)



international Tables for Crystallography (2006). Vol. A, Space groi
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P2, /c G, 2/m r
No. 14 Pl 21 / cl Patterson sy

UNIQUE AXIS A, CELL CHOICE |

1,
<
0 o

a 0
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' /
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EXAMPLE

|

c
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t
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s

_3 -
e o —w — v — —
Q

¢
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/
¢
!

¢

O

— e e o— — -ﬂ
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Generators selected (1); #(1,0,0); ¢(0,1,0); ¢(0,0,1); (2); (3)

Positions

Multiplicity, Coordinates
Wyckoff letter,

Site symmetry

Matrix-column
presentation

(1) x,y,2 (2) £ y+3.2+3 (4) x5+ 5,2+

operations

(2) 2(O: %’O) Oa)'a 3

~ Geometric
interpretation

Space group P2,/c (No.

|1 4)



SPACE-GROUP
DIAGRAMS



Cmm?2 b I_‘_ Bm2m
O, : ' : h ‘. C 0.
'E .— —t— —.— —?_ _. g T ...................................... T
three different : ‘ ‘ - - |
settings gl s i
[} ) ) -— T
A2mm
. 1 owy o
PermUtatlonS C O O O O
of a,b,c 1 ol°
5 xelio}
< NoBie
O Lo Q| O
O b ®© O ®© O




ORIGINS

AND
ASYMMETRIC UNITS




Space group Cmm?2 (No. 35): left-hand page ITA

Cmm?2 C,.
No. 35 Cmm?2
—t0V—
-t |-
S S
4|41

Origin on mm?2

mm?2 Orthorhombic

Patterson symmetry Cmmm

Origin statement

The site symmetry of the origin is stated,

if different from the 1dentity.
A further symbol indicates all symmetry

elements (including glide planes and
screw axes) that pass through the origin, if any.

Space groups with two origins

For each of the two origins the location
relative to the other origin 1s also given.



Example: Different origins for Pnnn

2
Dy,

Pnnn
No. 48

ORIGIN CHOICE 1

P2/n2/n2/n

Ponn
]
l T T T
— | ' ]  —
}.‘. L.—-.-.=%é-..—..—.n----
. ' ! :
e 1 ' :
~nie T . o . | . - :
= '|Zli |% 0
*=1° O 0
! : :
— 01—
o Voo

mmm

Orthorhombic

Patterson symmetry Pmmm

ORIGIN CHOICE 2

o ¢ () Sn— ) C— ¢ —— —— O
| |
| |
' i V-
- : 4
| |
~~~~~ O o + s + e + - )
| |
L
. . —
| | 1
- - 4
| |
O O

. AR L BN BN NN __ J

Origin at 1 at nnn, at —,—1,—! from 222



Example: Asymmetric unit Cmm2 (No. 35)

ITA: Asymmetricunit 0<x<:

ﬂ’

0<y<s 0<£z<l1

Surface area: green = inside the asymmetric unit, red = outside
Basis vectors: a = red, b = green, ¢ = blue

Number of vertices: 8 Number of facets: 6
0, 1/2, 0 x>=0
0, 1/2, 1 x<=1/4 [y<=1/4)
1/4, 1/2, 1 y>=0
1/4, 0, 1 y<=1/2
0o, 0, 0O z>=(
1/4, 1/2, 0 z<l
0, 0, 1
1/4, 0, 0 [Guide to notation]

(output cctbx: Ralf Grosse-Kustelve)

ITA: Anasymmetric unit of a space group is a (simply connected)
"~ smallest closed part of space from which, by application of all
symmetry operations of the space group, the whole of space is filled.



Example: Asymmetric units for the space group P12l

Number of vertices: 8 | Number of facets: 6
0, 1, 1/2 x>=0
1, 1, 0 x<1l
1, 0, O y>=0
0, 0, 1/2 y<1l
1, 0, 1/2 z>=0 [x<=1/2]
0, 0, O z<=1/2 [x<=1/2]
0, 1, 0
1, 1, 1/2 [Guide to notation]

(output cctbx: Ralf Grosse-Kustelve)




GENERAL
AND

SPECIAL WYCKOFF
POSITIONS
SITE-SYMMETRY




Group Actions

A(é'&%l,qug (A group action)of a group Gon aset Q2 = {w | w € 2}

assigns to each pair (g, ) an object @ = g(w) of €2 such that the
following hold:

(i) applying two group elements g and g’ consecutively has the

same effect as applying the product g'g, ie( g (g9(w)) = (g'g)(w)
(ii) applying the identity element e of G has no efiect on w, Le.
or all w 1n €2.

Orbit and Stabilizer

The set w” := {g(w) | g € G} of all objects in the orbit of w is
called thelorbit of w under G

The set S;(w) = {g € G | g(w) = w} of group elements that do

not move the object w is a subgroup of G called the

Equivalence classes

Otten, two objects w and ' are regarded as there

is a group clement moving @ to .

Via this equivalence relation, the action of G partitions the

objects in & into



General and special Wyckoff positions
Orbit of a point Xs under G: G(Xo)={(W,w) Xo,(W,w)eG}
Multiplicity
Site-symmetry group So={(W,w)} of a point X,
(V\/’W)XO = Xo

(: " )’y‘ - Multiplicity: [P|/|So]

IEIE

Zo Zo

General position X, Special position X,
S={(1,0)}=1 S>1={(l,0),...,}
Multiplicity: |P| Multiplicity: |P|/|So|

Site-symmetry groups: oriented symbols



General position

(i) coordinate triplets of an image point X of

the original point X= [

z

under (W,w) of G

-presentation of infinite image points X under the

action of (W,w) of G

(ii) short-hand notation of the matrix-column pairs
(W,w) of the symmetry operations of G

-presentation of infinite symmetry operations of G
(Wiw) = (l,tn)(W,wo), 0=wio<I



General Position of Space groups

As coordinate triplets of an image point X of
the original point X=*{ under (W,w) of G

y

z

=

(LO)X  (Waw2)X .. (Wm,wn)X . (Wiwi) X
(Le)X  (Wawatt )X ... (Wmwnmtt)X .. (Wiwitt)X
(L)X (Waw2tt) X ... (Wmwmntt) X ... (Wiwitt) X

(L)X (Wawatt)X ... (Wmwntt)X ... (Wiwitt)X



Example: Calculation of the Site-symmetry groups

Positions
Multiplicity,
GI‘OUP P' I Wyckoff letter,
Sitc symmetry
OO o b’o 2 i 1 (1) x,v.2
’ /
/ |
f
/ / 1 h 1 N
e o o _
/l g 1 03,3
/ 1 f 1
a’o——- o) o 1 e 1
S={(W,w), (Ww) X, = Xo} L d 1 1,0,0
y 0 1/2 _;/ 1 ( T 0 : (0
! 0 o =|o 1 b 1 0.0,
-1 0 1/2 ';/ )
1 a 1 0.0.0

S={(1,0), (-1,101)X¢ = X¢}
St={l,-1}  isomorphic

Coordinatc:

(2) %,9.%



EXERCISES
General and special Wyckoff positions of PAmm

8 g 1 (1) x,y,2 (2) %,9,2 (3) y,x,2 4) y,%,z
(5) x,y,z (6) %,y,2 (7) y,x%,z (8) y,x,2
e 4 f .m. Xy 5,2 Xy 5,2 33X, 2 >y Xy Z
x,0,z 0,x,2 0,x,z
X,X,Z X,X,2 X,X,2
0,3,2
Symmetry operations
(1) 1 2) 2 0,0,z (3) 4+ 0,0,z 4) 4 0,0,z
6) m 0,y,z (7) m x,x,z (8) m x,x,z

(5) m x,0,z



MAXIMAL SUBGROUPS
OF
SPACE GROUPS

. MAXIMAL
TRANSLATIONENGLEICHE
SUBGROUPS




Subgroups: Some basic results (summary)

Subgroup H < G

|. H={e,h,h,....h} c G
2. H satisfies the group axioms of G

Proper subgroups H < G, and
trivial subgroup: {e}, G
Index of the subgroup H in G: [i]=|G]/|H]|
(order of G)/(order of H)

Maximal subgroup H of G

NO subgroup Z exists such that:
H<Z<G



Coset decomposition G:H

Group-subgroup pair H < G

left coset G=H;|'g2H+...+%._1I1I.—I, %QH,
decomposition m=index of H in

right coset  G=H+Hgy+...+Hgn, gi#H
decomposition m=index of H in %3

Normal

Hg= gH, for all gi=1, ..., [i
subgroups &~ &irh, 1or all & [1]



Subgroups of Space groups

Coset decomposition G:Tg

(1,0)  (W2aw2) ... (Wmnwm) o (Wi,wi)
(Lt1))  (Wawatt)) ... (Wmwmttl) ... (Wiwitt))
(ltz)  (Wawatt) ... (WmwWntt2) ... (Wiwitty)

(L)  (Wawatt) ... (Wmwmtt) ... (Wiwitt)

Factor group G/Ta

isomorphic to the point group Pg of G
Point group Pg = {I,W2,Ws3,...,Wi}



Example: P12/m| Coset decomposition G:Ta

Factor group G/Tg=Pg Pc ={1,2, I, m}
/ 0 : 2y Ta Tg?2 T i Tem
; ; L0) (20) (7,00 (m,0)
o/ . of’ L)  @u) (@t) (mt)
// ,/' ()  (2t) (1.t2) (Mmt)
v ° ’ Ly) @t @5 (M)
- | N _ ni/2
: : —_ | at
inversion centres (1,t): -| n2 > |n2/2
- n3 n3/2




Translationengleche subgroups H<G: {

Example: P12/ml

Coset decomposition

Subgroups of space groups

TH=Tg
Pu<Pg

T Tg2 Tc1 Tem
(L0) 1{(2,0)| (1,0) (m,0)
Le) || 2,8) (1,t) (m,t)
L) || ) (1,t2) (mt)

bt) |12 | (Lt (mt)

LU oy

t-subgroups: H|=Tcgulg2 / H3=TcuTem

Pl121



Example: P12/m| Translationengleche
subgroups H<G:

-]
0
° — —
P1=TguTgl
v
Pl2] =TguTg2
0. | f’ 0O . a(?
: .r [
// // | //
' ' ’ / . /
/ / / /




Example: P12/ml
2/m
2 m

Subgroup diagram of point
group 2/m

index

[1]

[2]

[4]

Translationengleche
subgroups H<G:

/1 2 P

Translationengleiche subgroups of
space group P2/m



EXERCISES

Problem 2.3.1(a)

Construct the diagram of the
t-subgroups of PAmm using the “analogy’
with the subgroup diagram of 4mm



International Tables for Crystallography (2006). Vol. A, Space group 99, pp. 382-383.

|
Pdmm C4v dmm Tetragonal
No. 99 Pdmm Patterson symmetry P4/mmm
[oYe ®0
O O+ O OF
. ’I.\\ . -O Oo QO Oo
7 N O|© Ol
7’ \ * - -
,I, \\\
A YA
\\\ ,’,
N o)fe olfe’
Na” O OF O OF
¢ ‘ ¢ ® O o O
QQ QQ

Origin on 4mm
Asymmetricunit 0<x<=:; 0<y<= 0<z<1; x<y
Symmetry operations

(h 1 (2) 2 0,0,z (3) 4 0,0,z (4 4 0.0.2
(51 m x,0.z2 (6) m O, y,2 () m x.1.2 (8) m x,x.z

Generators selected (1); ¢(1,0,0); £(0,1,0); £(0,0,1): (2); (3); (5)

Positions

Multiplicity, Coordinates

Wyckoff letter,

Site symmetry

8 g 1 (1) x, 3z (2) x,¥.z (3) ¥,x,z (4) y. %,z

(5) x,¥.z (6) %.y.z (7) ¥,%,z (8) y,x,z



Problem 2.3.1

4mm
My My 2., mym_2,
4,
|
M my 22 moy m_
1

Subgroup diagram of point
group 4mm

index

[1]

[2]

[4]

[8]

SOLUTION

P4dmm
P4dmm
P2.ml P4.11 P2, 1m
Pmm?2 P4 Cmm?2
\
Plmz1  P1im,1 P2,11 Pllm, Pllm_

Pm

Pm P2 C'm C'm

P1

Translationengleiche subgroups of

space group P4mm



Problem 2.3.1 SOLUTION

P4mm
. |
\ 4
Pmm?2
' ' ' b
S ] ' ~ | l
< e ——0)—+0
’ ' '
' ' ' B |
a ———



Problem 2.3.1 SOLUTION

Remark 1. Due to the convention to choose the basis vectors parallel to
the rotation axes, C-centered cells appear although the translation lattice
has not changed. If the retained twofold axes are diagonal, the conventional
basis vectors a’,b’,c¢’ of the subgroup are a’ = a-b, b’ = a+b, ¢’ = ¢
with respect to the basis vectors a,b,c of P4dmm. Referred to a’,b’,c’ the
cell is C-centered.

w

v Primitive

a=a-b
b'=atb

\4

Centred




International Tables for Crystallography, Vol. Al

eds. H.Wondratschek, U. Mueller
Example: P4Amm

Maximal subgroups of space groups
C. Pamm No. 99 P4mm

I Maximal translationengleiche subgroups

[2] P411 (75,P4) 1; 2;3; 4
# [2] P21m (35,Cmm?2) 1;2:7: 8 a—-ba+b.c
[2] P2Zm]1 (25, Pmm?2) 1; 2: 5: 6
II Maximal klassengleiche subgroups
e Enlarged unit cell
2] ¢/ =2¢
P4,mc (105) (2; 5; 34(0,0,1)) a.b,2¢
Pédcc (103) (2; 3; 54 (0,0,1)) a.b.2c
P4,cm (101) (2; (3; 5)+(0,0,1)} a.b,2¢
P4dmm (99) (2; 3; 5} a,b,2¢
® Series of maximal isomorphic subgroups
[p] ¢’ = pe
Pdmm (99) (2; 3; 5) a.b, pc
p=>1

no conjugate subgroups
[p*]a" = pa, b’ = pb
Pdmm (99) (24 (2u,2v,0); 34+ (u+v,~u+v,0); 54 (0,2v,0)) pa, pb.c u,v.0
p>20<u<p;0<v<p
p* conjugate subgroups for the prime p



[ DATA ITAI: Maximal Subgroupsj

~group G {e, 82,83, s Zirern- 1, En)

N

{ subgroup H<G {00083 yuery Gigerrenne , €n}

Subgroup HEG! (e ha ha, o}




MAXIMAL SUBGROUPS
OF
SPACE GROUPS

Il. MAXIMAL
KLASSENGLEICHE
SUBGROUPS




Subgroups of space groups

Klassengleiche subgroups H<G:

Th<Tg
Example: P| PH=Pc
=uatvbt+wc
Te Te ta
Coset decomposition (1,0) | (I,ta)
Te={t(u=2n,v,w)} (Lt) | (Lt+ta)
t.(a,0,0) () | (Lt2tta)
(L) | (Ltt+ta)
isomorphic k-subgroups:
P group H=T.

Pl(2a,b,c)



Subgroups of space groups

Klassengleiche subgroups H<G:

Th<Tc
Pu=Pgc
Example: P t=uat+vb+wc
H=T. %(l1,0,0)
Coset decomposition
PI=T + Tet, Te | Tets
Te={t(u=2n,v,w)} (1,0) | (l,ta)

(Lt)) | (Iti+ta)

Isomorphic k-subgroup:

Pl(2a,b,c) (Lta) | (,t2+ts)

Series of isomorphic k-subgroups: (he) | (Lttes)
Pl(pa,b,c): p>1,prime

Pl(a,gb,c): q>I1, prime INFINITE number of maximal
... etc. isomorphic subgroups



International Tables for Crystallography, Vol. Al

eds. H.Wondratschek, U. Mueller
Example: P-|

Series of maximal isomorphic
subgroups

P1 No. 2 P1

e Scries of maximal isomorphic subgroups
[pla’=pa, b =ga+b. ¢/=ra—c
P1 (2 (2 (2u,0,0)) pa.qa-+b,rate w,0),0)
p>2;0<g<p; 0<r<p: 0<u<p
p conjugate subhgroups for each triplet of g, r, and
PIIILE P
[pI1b' —pb, ¢ — gb+c¢
P1 (2 (2 (0,2u,0)) a, ph,gb ¢ 0, 2,0
p>20<g<p;0<u<p
p conjugale subgroups for each pair of ¢ and prime p
[pl ¢ — pc
P1 (2) (2—10,0,2u)) a,b, pc 0,0,u
p>2:0<u<np
p conjugate subgroups for the prime p



Subgroups of space groups

Klassengleiche subgroups H<G: TH<Tc
non-isomorphic Pu=Pc

Example: C2
T; Tite T,2 Titc 2

Coset decomposition (1,0) | (It (2,0) | (2,t)

C2=Tc +Tc2 (I9t|) (I,t|+tc) (29t|) (2,t|+tc)
/\ &) | (ote) |20) 2ot
(Ti+Tit)
ti=integer |, t; |,t:+t. 2,t) | (2, t+tc
tinteger (:6) (i) | (2.6)| ( ’I )
e eoeo \... coeo
non-isomorphic H=TiuT2 H=TiuTitc 2

k-subgroups: P? P2,



International Tables for Crystallography, Vol. Al

eds. H.Wondratschek, U. Mueller

Example: P4Amm

1
C4v

--.b»
--.b»

Maximal subgroups of space groups

Pdmm

I Maximal translationengleiche subgroups

[2] P411 (75, P4) 1; 2:3; 4
[2] P21m (35,Cmm?2) 1:2;: 7. 8
[2] P2Zm]1 (25, Pmm?2) 1; 2: 5: 6

II Maximal klassengleiche subgroups

e Enlarged unit cell

[2] ¢/’ =2¢
P4,mc (105) (2; 5; 34(0,0,1))
P4cc (103) (2; 3; 5+ (0,0,1))
P4,cm (101) (2; (3; 5)+(0,0,1)}
P4dmm (99) (2; 3; 5}

® Series of maximal isomorphic subgroups

[p] ¢’ = pe
Pdmm (99) (2; 3; 5)

p>1

no conjugate subgroups
[p*]a’ = pa, b’ = pb
Pdmm (99) (24 (21,2v,0); 34+ (e +v,~u+v,0); 5
p>2,0fu<p;0<v<p
p* conjugate subgroups for the prime p

No. 99

a—-ba+b.c

a.b,2c¢
a.b.2c
a.b,2¢
a,b,2¢

a,b,pc

+(0,2v,0)}

pa,pb,c

Pdmm

u,v.0



GENERAL SUBGROUPS
OF

SPACE GROUPS




Group-subgroup pair

G>H : G, H, 7’]’ (Pap)

/'EQ
I

Pairs: group - maximal subgroup

Zk: > Zk—|—17 (Pap)k

(Pa p) — HZ:1(P9 p)k




Subgroups of space groups

Th<Tg
Pn<Pg

General subgroups H<G:

Theorem Hermann, |929:

For each pair G>H, there exists a

uniquely defined intermediate subgroup
M, G =z M =z H, such that:

Mis a of G
His a of M

A maximal subgroup
Corollary is either a t- or k-subgroup




PROBLEM:

Domain-structure analysis

G - H

number of domain states
twins and antiphase domains states
twinning operation

symmetry groups of the domain
states; multiplicity and degeneracy



Phase transitions domain structures

symmetry Deformed
reduction

Homogeneous (daughter) phase
— |
(parent) phase G Domain structure

Domain A connected homogeneous part of a domain structure or of a
twinned crystal is called a domain. Each domain is a single crystal.

The number of such crystals is not limited; they differ in their
locations in space, in their orientations, in their shapes and in their
space groups but all belong to the same space-group type of H.

Domain  The domains belong to a finite (small) number of domain states.

states Two domains belong to the same domain state if their crystal
patterns are identical, i.e. if they occupy different regions of space
that are part of the same crystal pattern.

The number of domain states which are observed after a phase

transition is limited and determined Ilz?' the group-subgroup
relations of the space groups G and H.



Domain-structure analysis

SUBGROUPS CALCULATIONS: HERMANN

Hermann, 1929: G
For each pair G>#; index [i], there Ip
exists a uniquely defined intermediate M
subgroup M, GzM =z #H, such that: i

L
M is a of G |
His a of M H
with [i]=[ir].[iL] iP=Pc/PH twins

iL=ZH,p/LGp=VH,p/VG,p antiphase



EXAMPLE
Lead vanadate Pb3(VOs4),

R-3m

iP—Pc/PH [ir]=3

C2/m

iL=ZH,p/ZG,p [iL]=2

@21/6

Index [i] for a group-subgroup pair G>H

INDEX: [i]=[ir].[iL]

High-symmetry phase R-3m

166 _
5.G748 5.6748 22.3784 99 90 120 ZGP 1 IPGI—12
5
op 1 3a 0. 0622 0. 00000V 0 . 0000GO
Pb 2 6c 0.000200 0. 000000 0.207100
o 3 6c 0.000200 0. 000000 9.383100
0 A Ge 0.000002 0. 000000 0.321000
0 5 18i 0.842400 0.157600 0.430100
Low-symmetry phase P2,/c

14

7.5075 6.0493 9.4814 99. 115.162 90. IPHI=?

7

b 20

b .3335 9.5815 9.2379 _

PV .2071 0.0143 9.3999 ZH,p—?

2872 .2559 9.09159

.2598 0.7979 0.0216
.3194 0.9731 0.2823
.2335 0.5431 0.2091

AW NE RPN

2a @
4c O
4c O
1e 0.
1e @
1e @
1e @
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Pb3(VOa4)2: Ferroelastic Domains in P21/c phase

Group-Subgroup Lattice

Maximal- N SUBGROUPGRAPH
subgroup graph <

(Py/e(1) ) P /e(l) ) P2 /e(1)
number of domain states= index [i] = [ip].[iL]=6
number of ferroelastic domain states:ip = |12:4=3

number of different subgroups P2,/c: 3



 CLASSIFICATION
Problem: - Sc homains  HERMANN

Quartz CusAu Gd2(MoOy)3

G | P6222 G |P42:m
1y — 2
t-subgroup
Cmm2
H=M | =2
‘ P3,21 \ ‘Pm?)m \ ‘PmSm\ ‘Pm?)m \ ‘PmSm\ 1 ‘ Pba? \
=i =4
=i, =2 L= -
, : antiphase twin and
twin domains . :
domains antiphase

domains



EXERCISES Problem 2.3.3

(A) High symmetry phase: P2/m
Low symmetry phase: P|, small unit-cell deformation
How many and what kind of domain states!?

Hint: Determine the index [i]=[ip].[iL]

(B) High symmetry phase: P2/m
Low symmetry phase: Pl, duplication of the unit cell

How many and what kind of domain states!?

(C)  High symmetry phase: P4Amm
_ow symmetry phase: P2, index 8

How many and what kind of domain states!?

(D) High symmetry phase: P4;bc
Low symmetry phase: P2, index 8

How many and what kind of domain states!?



